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a b s t r a c t

This study investigates upper and lower bounds on subcarrier collision for inter-cell
interference (ICI) schedulers in orthogonal frequency division multiple access (OFDMA)-
based wireless systems carrying voice traffic. It is shown that the amount of knowledge
regarding the reserved resources in the neighboring cell plays a crucial role in the
performance of ICI schedulers. Also, it is proven that the upper bound of subcarrier collision
for ICI schedulers corresponds to the case which is driven by the absence of knowledge
about the reserved resources in the neighboring cell. On the other hand, the lower bound
of subcarrier collision for ICI schedulers corresponds to the case which is driven by the
perfect knowledge about the reserved resources in the neighboring cell. Based on the lower
bound analysis, a minimum expected number of collision scheduler is developed and its
performance is investigated as well. Moreover, the impact of scheduling period on the
performance of schedulers is examined. Numerical results are presented alongwith related
discussions.

© 2010 Elsevier B.V. All rights reserved.
1. Introduction

Due to the inherent nature ofwireless communications,
wireless terminals are exposed to interference. There are
many types of interference such as co-channel interference
(CCI), adjacent channel interference (ACI), and so on. CCI
has a special place among these interference types, because
it affects the overall design of awireless system. Traditional
cellular systems are designed in such a way that CCI is
controlled by ‘‘reusing’’ frequencies in farther cells at the
cost of underutilization of available resources, such as in
Global System for Mobile (GSM) [1,2]. Frequency reuse
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of one (FRO) is considered to be employed especially in
next generation cellular mobile networks for overcoming
the underutilization problem. FRO is a very promising
approach, because it reduces the need for frequency
planning which is a very expensive process. Nonetheless,
FRO introduces significant CCI into the system especially
for the user equipments (UEs) residing in the vicinity of
cell borders [3]. CCI can be controlled by coordinating
the transmission from multiple sources [4,5]. Interference
coordination [6] and fully adaptive and dynamic resource
allocation are some of the very powerful techniques to
reduce CCI [4,5,7]. In this sense, schedulers which conduct
dynamic resource allocation under the FRO regime are vital
units of inter-cell interference (ICI)management process in
next generation wireless networks (NGWNs) [8].

Traffic type plays a crucial role in the behavior of in-
terference. Therefore, ICI management is investigated in
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Symbol list

Cc cth cell
Uc Set of all of the users in Cc
Uc Number of users in Cc
ucj jth user in Cc
Θ (·) Interior/cell edge distinction operator
F Set of all of the resources
F Number of resources in F
F (I)
c Set of reserved resources for cell edge in Cc

Fc Number of resources in F (I)
c

λH Decaying rate of negative exponential PDF
for voice calls

µH Average resource holding time for voice
calls

Tc Scheduling period for Cc

λ
(c)
A Arrival rate of Poisson process for Cc

T∆ Minimum scheduling period
rc Traffic load of Cc
K Random variable that represents number of

collisions
Pr {E} Probability of event E
p(k) Probability of K taking the value k
E {K} Statistical expectation for random variable

K
U Upper bound of expected number of colli-

sions
L Certainty level for breaking point
ϵ Precision for breaking point (1 − L)
kϵ Breaking point of precision ϵ
Hk Bending point
L Lower bound of expected number of colli-

sions
rL
1 Bending point of traffic load for pilot cell

X Constant part of U under pilot cell approach
s The percentage of the knowledge acquired

by the pilot cell
n Prolongation factor of new scheduling pe-

riod for the pilot cell
Smin Clipped expected number of collisions value

obtained when 1 < n
r ′

1 Generalized pilot cell traffic load for differ-
ent s and n values

the literature by considering different types of traffic under
various conditions. The combined effect of propagation and
voice type traffic on CCI and performance of dynamic chan-
nel allocation for orthogonal frequency division multiple
access (OFDMA)-based cellular systems are investigated
in [9]. In [10], performance analysis of different scheduler
schemes for ICI coordination in OFDMA-based networks is
given under elastic traffic. In [11], ICI is investigated from
the perspective of both streaming and elastic traffic un-
der different frequency reuse schemes through the use of
several scheduler performancemetrics such asmean num-
ber of collisions. In [12], non-real time Internet traffic is
assessed for OFDMA/frequency division duplexing (FDD)-
based schedulers under ICI by aiming at increasing the
number of users limited to minimum rate requirements.
Analytical approaches for the capacity of OFDMA-based
systems in terms of resource collisions and their impacts
for adaptive and elastic traffic types are provided in [13].
ICI under full-buffer type traffic is investigated in [14] from
the perspective of coordination between cells. A simula-
tion framework based on physical layer (PHY) andmedium
access control (MAC) layer interaction of five different traf-
fic types with different scheduler schemes is developed
for an OFDMA-based multi-cell system in [15]. Influence
of different traffic types on system capacity along with
scheduling operation is assessed from simulation perspec-
tive in [16]. Amulti-inputmulti-output (MIMO)-based sys-
tem under real-time traffic for OFDMA-based schedulers is
investigated in [17].

Although there are many studies in the literature
regarding different ICI conditions for different traffic types,
to the best knowledge of authors, there is no analytical
study which connects schedulers with a particular type of
traffic by providing theoretical performance limits along
with the factors influencing them. Performance limits and
factors influencing them are key points to develop better
schedulers for ICI management process in NGWNs. In this
study, performance limits on ICI schedulers in OFDMA-
based systems are derived for voice traffic based on pilot
cell approach under FRO regime and factors affecting
them are investigated. The contributions of this work is
threefold. First, it is formally shown that the knowledge
about the resource reservation of theneighboring cell plays
a crucial role in upper and lower bounds for ICI schedulers.
More concretely, it is shown that theoretical upper bound
corresponds to the cases that are driven by the absence of
knowledge (absolute uncertainty), whereas lower bound
corresponds to the cases that are driven by the presence
of perfect knowledge (absolute certainty).

Second, Minimum Expected number of collision Sched-
uler (MES) is developed by exploiting the results of bound
analysis. It is shown that, in case one of the cells can acquire
knowledge about the reserved resources of the neighbor-
ing cell, MES can be implemented by organizing resources
of a stack form in a random manner. With the aid of MES,
bound expressions are extended by appropriately quanti-
fying absolute uncertainty and certainty conditions in such
a way that the amount of knowledge acquired is also in-
cluded.

Third, considering the practical cases which impose
restrictions on schedulers in terms of computational
power and time along with persistent scheduling schemes
proposed for voice traffic, impacts of prolonged scheduling
periods on performances of schedulers are investigated.
It is shown that prolonged scheduling periods cause
compression and saturation effects. Prolonged scheduling
period is also included into the analysis in order to
generalize bound expressions.

The paper is organized as follows. Section 2 provides
the details of the system model along with the basic
assumptions necessary for the analysis. Section 3 gives
the upper and lower bounds on the expected number
of collisions for general cases. Based on the results in
Section 3, MES is developed and knowledge acquisition
is embedded into the analysis in Section 4. Section 5
discusses the effects of the prolonged scheduling period
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Fig. 1. Two typical two-cell layouts inwhich cells are assumed to operate
under FRO regime along with the ‘‘interior/cell edge’’ distinction. In
‘‘Layout (A)’’, a regular scenario is illustratedwhere both cells are partially
interfered with each other, whereas in ‘‘Layout (B)’’, one of the cells is
completely interfered by the other one.

on performance. Numerical results along with relevant
discussions are presented in Section 6. Finally, key findings
are summarized and future directions are provided in
Section 7.

2. Systemmodel and basic assumptions

A typical two-cell scenario consists of two interfering
cells, which may not necessarily be identical, namely
Cc with c = 1, 2, under FRO regime. Users in cth cell is
denoted with Uc which contains Uc UEs in it. Each cell
Cc performs the interior and cell edge distinction process
for each, say jth, UE denoted with ucj. Interior/cell edge
distinction is achieved through the use of a specialized
function: Θ (·). For any ucj, Θ


ucj


= 0 states that UE of

interest is an interior user, whereasΘ

ucj


= 1 represents

a cell edge user.1 Such a scenario is depicted in Fig. 1 with
two example layouts. Under FRO regime with no intra-
cell interference assumption, Θ (·) limits interference to
cell edge region in which solely ICI takes place. FRO
is employed with the common subcarrier2 set F which
contains F resource elements in it. Once Θ (·) is applied,
each Cc determines F (I)

c for its cell edge users by selecting
Fc elements among F . This model makes no assumption
for the distribution of the users across cells. In conjunction
with Θ (·), more general scenarios in which all of the UEs
in one of the cells are interfered by some of the UEs in a
larger size cell can also be investigated with this way.

1 Here, Θ (·) can be any method or a combination of several methods.
Reference signal received power (RSRP) measurements with several
thresholds in Third Generation Long Term Evolution (3GLTE) [18] can be
considered as an instance of Θ (·).
2 From this point on, the terms resource and subcarrier are used

interchangeably within the text.
All of the UEs in cells are assumed to carry voice traf-
fic whose samples come from a negative exponentially de-
caying probability density function (PDF) with a decaying
rate of λH which is the reciprocal of the average holding
time µH . Stemming from general characteristics of voice
traffic, single resource assignment per user is assumed. As-
signments are performed at the beginning of each schedul-
ing period Tc for the cell Cc . In order to formalize and later
on generalize the problem, C1 is selected as pilot, whereas
C2 is considered to be an independent cell. Pilot cell is the
one onwhich parameters will be adjusted and their effects
are investigated. With this simplification, the behavior of
schedulers can be analyzed and easily expanded to general
cases such as having a pilot cell surrounded bymany inter-
fering cells.

Throughout the analysis no handoff (handover) is
assumed to take place in order to make sure of the
stability of analysis. However, pure birth process for
arrivals (i.e., Poisson process) is considered for each Cc

with an average arrival rate of λ
(c)
A . In addition, if no

resource is found for any arrival during Tc , then that arrival
is assumed to be blocked. If any user releases any of the
resources during Tc , it is assumed that those resources
cannot be assigned until the next scheduling time.

Scheduling period Tc carries a great importance for ICI
management process. Therefore, further details of Tc are
essential for analysis. Let Tc be defined in terms of µH . This
is a reasonable approach, sinceµH is the only parameter in
hand providing information about the duration of resource
use. Let Tc be expressed in terms of number of scheduling
operations as Tc = µH/ωc . Note thatωc withωc ∈ Z+ pro-
vides a better perspective for the scheduling problem due
to the following two reasons: First, many communication
systems are based on discrete characteristics. For instance,
most of the definitions in 3GLTE,which is anOFDMA-based
system, are built on a notion called transmission time in-
terval (TTI), which is of discrete nature. Second, schedul-
ing process itself is of discrete nature: for a given ‘‘unit
period of time’’ either scheduling is performed or not. Thus,
ωc ∈ Z+ provides a suitable approach for the analysis.
Bounds are derived for the pilot cell under the assumption
that T1 = 1T∆, which corresponds to maximum number
of scheduling operation where T∆ denotes the minimum
period of time in which only one scheduling operation
can be performed. Because pure birth process is assumed,
system keeps evolving throughout T1 due to the arrivals.
Traffic load is used for quantifying evolution of the system
during any scheduling period T and expressed as:

rc =
λ

(c)
A T
Fc

. (1)

In (1), it is clear that rc ∈ (0, ∞) for 1 ≤ Fc . However,
cases where 1 < rc can be ignored because of blocking as-
sumption made previously; furthermore, blocked arrivals
do not have any impact on performance, because no queue
or any other facility is assumed in this scenario.

The building blocks of an OFDMA system are subcarri-
ers; therefore, one of the simplestways of quantifying ICI is
to count the number of collisions occurred when schedul-
ing is performed. This requires a formal definition of re-
source collisions.
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Definition 1 (Resource Collision). IfWt = uai(t)∩ubj(t) and
Wt ≠ ∅ for i = 1, 2, . . . , Ua and j = 1, 2, . . . , Ub, then
it is said that Wt ‘‘resource collision’’ occurs where uai(t)
and ubj(t) denote the set of resources used by uai and ubj at
instant t , respectively, and Wt is the cardinality ofWt .

Even though Definition 1 postulates a way of quanti-
fying resource collisions, it is not very suitable for char-
acterizing an overall behavior of a dynamic system which
exhibits stochastic behaviors. This arises from Definition 1
focusing on instantaneous values of collisions. Further-
more, persistent scheduling is considered for voice traffic
in order to reduce over-the-air signaling in NGWNs [19].
Resources are assigned UEs and the assignment is main-
tained for some time in persistent scheduling schemes.
From this point of view, it is more reasonable to count col-
lisions per assignment than to count each individual colli-
sion occurred for the same assignment when each packet
is transmitted, since the latter introduces redundancy.
Therefore, expected number of collisions based on Defini-
tion 1 will be used in the analysis. In conjunction with the
pilot cell approach, persistent scheduling is adopted with
ω2 = 1.

3. Upper and lower bound of expected number of
collisions

Upper bound for expected number of collisions ex-
presses the theoretical limit of performance of schedulers
operating in a system such as described in Section 2. Dif-
ferent upper bounds can be defined for different strategies.
However, if knowledge acquisition about resources in the
neighboring cell is taken into account, then it is evident
that the upper bound is driven by the absence of knowl-
edge, because schedulers exploit knowledge to reduce the
number of collisions.3

In this sequel, it is worth mentioning how knowledge
can be acquired in such a system. Knowledge is acquired
by the following two methods: (E1) information exchange
between schedulers and (E2) measurements such as
spectrum sensing. The main distinction between these
methods is that (E1) requires a backhaul to exchange
information, whereas (E2) does not require any backhaul
and relies on unilateral effort. It must also be stated
that (E1) is more reliable4 compared to (E2), since
measurements might not be very accurate.

3 At this point, one might raise a philosophical objection to this
statement by claiming that the upper bound of number of collisions is
limited to min (Fc) when knowledge acquisition is possible as follows:
Number of collisions is maximized when C1 ‘‘imitates’’ C2 (i.e., C1 attains
the perfect knowledge about the reservation set of C2 and follows exactly
C2) or vice versa; therefore, its value is min (Fc). Although this claim
seems to be true from the algebraic point of view, it ismisleading, because
every scheduler strives to minimize the expected number of collisions
not to maximize it, since interference is mutually detrimental. For 1 <

F , statistically, it is almost impossible that C1 ‘‘imitates’’ C2 unless C1
acquires the perfect knowledge of the resource use of C2 . F = 1 is
the only state in which C1 can exactly ‘‘know’’ what C2 does without
requirement of any knowledge acquisition. However, this state should be
regarded as trivial case, since ‘‘assignment’’ has nomeaning in this aspect.
4 Here, ‘‘reliability’’ refers to the exactitude of the knowledge. However,

for the sake of completeness, itmust be emphasized that reliability of (E1)
actually implies very short delays in the backhaul communications. In this
sense, longer delays in (E1) might lead to unreliable results as well.
In the absence of knowledge, both cells are assumed
to reserve their resources among F randomly. Therefore,
probability mass function (PMF) of number of collisions is
required in order to continue the analysis.5

Proposition 3.1 (PMF of Number of Collisions). Given that
F1 and F2 resources are randomly chosen to be assigned cell
edges of C1 and C2, respectively, among non-empty set of
resources F withF ≪ ∞, then the probability mass function
of random variable K representing number of collisions is
defined by a hypergeometric distribution that is expressed as:

Pr (K = k) = p(k) =
1
F

max(F1,F2)

 
F − min (F1, F2)

max (F1, F2) − k



×


min (F1, F2)

k


, (2)

where k denotes number collisions with k ∈ Z+ in [0,min
(F1, F2)].

Proof. See Appendix A. �

Since PMF is in hand, any statistics desired can be de-
rived. As will be shown subsequently, (2) actually contains
the following two important properties: (a) expected num-
ber of collisions and (b) breaking point of collisions. It is
clear that (a) is related to the upper bound and calculated
by the statistical expectation operator (i.e., E {K} ). Ergo, no
extra explanation is required here. As opposed to (a), (b) is
related to the lower bound and needs more detailed inves-
tigation. First, (a) is analyzed with the following.

Corollary 3.1 (Expected Number of Collisions of (2)). Ex-
pected number of collisions of (2) is:

S =
F1F2

F
. (3)

Proof. See Appendix B. �

Observe that Corollary 3.1 provides a constant value
for expected number of collisions by disregarding the
evolution of the system. However, collision does not
occur unless reserved resources are assigned. This requires
Corollary 3.1 to be extended in terms of traffic loads as
follows:

Corollary 3.2 (Upper Bound). Upper bound of expected
number of collisions forminimum scheduling period is defined
in terms of traffic load r1 and r2 by the following:

U = r1r2S. (4)

In contrast to upper bound, lower bound needs to
be considered in the presence of knowledge due to the
following reasoning: Definition 1 explicitly states that
number of collisions cannot be lower than zero. Therefore,
zero collision is a very important characteristic of lower
bound. However, it cannot be achieved unless one of the
cells is aware of the reservation of its neighbor, because

5 As expressed in Definition 1, collision is of discrete nature. This gives
rise to the use of PMF rather than PDF in the analysis.
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cells suppose that reservation sets are chosen randomly
among F in the absence of knowledge, as assumed in
Proposition 3.1. With the same token in Footnote 3, C1 can
achieve zero collision if and only if it attains the perfect
knowledge about the reserved set of C2 (or vice versa).

In this sequel, the PMF in (2) should be relatedwith zero
collision notion in a formal way. In order to achieve this,
first the following mathematical tool is defined.

Definition 2 (Breaking Point). A breaking point kϵ of a
precision ϵ is a non-zero number of collisions defined in
(2) and satisfies Pr (K ≤ kϵ) ≤ L < Pr (K ≤ kϵ + 1) where
L is a pre-defined certainty with L ∈ [Pr (K = 0) , 1) and
ϵ = 1 − L.6

Although Definition 2 outlines how the breaking point
tool is constructed, its existence and uniqueness should
also be verified before continuing the analysis.

Corollary 3.3 (Existence and Uniqueness of Breaking Point).
There always exists a unique breaking point in (2) for a
specified L.

Proof. See Appendix C. �

Definition 2 and Corollary 3.3 are followed by the
identification of unique regions in (2).

Definition 3 (Vulnerable and Secure Zone). Vulnerable
zone is a unique region within (2) satisfying k ≤ kϵ ,
whereas secure zone is its complementary part satisfying
kϵ < k.

At this point, it is worthwhile to see how PMF in (2)
looks like for a general scenario in order both to grasp Def-
initions 2 and 3 and to have an insight into further steps of
analysis, especially for investigating (b). Consider the PMF
given in Fig. 2. Visually, it is clear that within right hand
side of the vertical dashed line (which is referred to as ‘‘se-
cure zone’’ in Fig. 2), there is no point that provides a sig-
nificant probability value in contrast to those in left hand
side of it. Bearing Definition 2 in mind, assume that one
wants to design a system with a precision of ϵ = 10−6.
In this case, the separator (i.e., vertical dashed line) should
be located on the point where Pr (K ≤ kϵ) ≤ 1 − ϵ <
Pr (K ≤ kϵ + 1). For the case plotted in Fig. 2, kϵ = 26
satisfies this condition by corresponding to a precision of
ϵ = 8.188×10−7. This implies that for the point on which
the separator is located, with the given settings, it is un-
likely that the number of collisions exceed 26. Conversely,
with the same settings given, it is very likely to have 26 or
less number of collisions.

The discussion related to Fig. 2 points out that there is a
strong connection between L (or equivalently ϵ) and zero
collisions. In order to elucidate this connection, consider
two identical systems one of whose design might regard
E {K} as zero for ϵ1, whereas that of other one might
treat E {K} as zero for ϵ2 where ϵ1 ≠ ϵ2. For these two
systems, ϵ1 and ϵ2 values are the design parameters which

6 Note that Pr (K = 0) corresponds to the probability of having no
collisions, which is the same as p(0) in (2).
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Fig. 2. An example PMF for F = 1000, F1 = F2 = Fz = 100. The
vertical dashed line, which corresponds to a breaking point kϵ of a preci-
sion ϵ, splits the PMF into two zones which are labeled ‘‘vulnerable’’ and
‘‘secure’’, respectively..

determine zero collision limits. Consequently, breaking
point cannot be used for formalizing the theoretical lower
bound, since different ϵ values imply different kϵs. In
order to find a way through this problem, limiting case of
breaking points will be examined in what follows.

Consider how breaking point evolves in terms of
increasing certainty level, (i.e., L → 1). Before proceeding
further, first recall that Definition 2 stipulates Pr (K ≤ kϵ)
≤ L < Pr (K ≤ kϵ + 1). In the limiting case of L, kϵ + 1
diminishes due to the second axiom of probability
(i.e., axiom of unit measure). Recall also that Corollary 3.3
guarantees the existence of a unique kϵ . However, limiting
case does not allow one to find kϵ + 1 but kϵ . Therefore,
the inequality in Definition 2 is forced to degenerate into
Pr (K ≤ kϵ) = 1, which also implies kϵ = min (F1, F2).
With the same token, limiting case leads to p(k) =

δ (k − kϵ)where δ (·) is the Dirac delta function; therefore,
E {K} = kϵ .7 All of the aforementioned statements can
succinctly be stated in a formal way as limϵ→0 kϵ = E {K}.
If E {K} is denoted in terms of Fc , it follows

lim
ϵ→0

kϵ =
min (F1, F2)max (F1, F2)

F
, (5)

which is the same as (B.5) in Appendix B. Thus, limiting
case reveals a completely new characteristic, because it
annihilates the secure zone in Definition 3 and yields the
following concept.

Corollary 3.4 (Bending Point). Bending point is the limiting
case of any kϵ and it represents a constant number of
resources given by:

Hk = min (F1, F2)


1 −

max (F1, F2)

F


. (6)

7 Existence of breaking point of a PMF under limiting conditions
mandates that PMF can be of no other form but of δ(·). In conformity with
this limiting case, δ (·) represents ‘‘absolute certainty’’ rather than what
a usual PMF (or PDF) does. In addition, δ(·) is the only PMF (or PDF) that
has single non-zero probability value due to the axiom of unit measure.
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When Definition 2 and Corollary 3.4 are considered
together, it is not difficult to see that for the same settings
there might be different kϵis for each ϵi level, whereas Hk
is a unique value to which each kϵi is asymptotic. From this
point of view, bendingpoint is the unique limit of ensemble
of all possible breaking points of different certainty levels;
therefore, it can safely be used for defining the lower
bound.

As stated earlier, bending point actually corresponds to
the state inwhich secure zone is annihilated. This state can
best be explained in terms of evolution of system under
pure birth process assumption. The system exploits the
knowledge acquired to attain zero collision; however, due
to arrivals, it reaches such a particular state in which the
knowledge acquired is not helpful anymore. This state is
the equivalent of absence of knowledge described earlier.
Hence, ideally, expected number of collisions should
behave according to Corollary 3.2 beyond the bending
point. Since ideal case refers to certainty which is of
asymptotic nature (i.e., a breaking point with L → 1 or
limϵ→0 kϵ), E {K} is asymptotic to (4) as well. The lower
bound of expected number of collisions is then given by
the following piecewise-defined asymptote:

L =

0, r1 ≤ rL
1 (a)

X

1 − rL
1


r1 − rL

1


, otherwise (b) (7)

where rL
1 is the bending traffic load of pilot cell and

expressed as:

rL
1 =

Hk

min (F1, F2)
, (8)

and X denotes the constant part of U when pilot cell
approach is employed and given by

X = r2S.

4. MES and its performance

In this section, MES is developed based on the results
presented in Section 3. With the aid of MES, it is also
shown that (7) can be generalized by including the
amount of knowledge acquired into the analysis. The
principles of MES is introduced under perfect knowledge
case. Generalization of (7) is carried out while imperfect
knowledge is discussed.

4.1. MES and its performance in the presence of perfect
knowledge

Perfect knowledge refers to a state in which C1 is
assumed to know F (I)

2 completely. In such a state, (7a)
is attained if and only if the pilot scheduler does not
assign the intersecting resources (e.g., set Wt in the
sense of Definition 1). Avoiding assigning the intersecting
resources is not desired, because it causes underutilization.
Therefore, the best strategy for the pilot scheduler is to
avoid assigning the intersecting resources unless their
assignments are inevitable due to high traffic load. Such
a strategy can be performed by assigning the resources
Fig. 3. Illustration of howMES organizes its resources of a stack form and
how it performs under incoming arrivals.

of a stack form (i.e., of a first-in-last-out (FILO) scheme).
Assume that C1 splits F (I)

1 into two by identifying the
‘‘vulnerable’’ resources via the knowledge acquired about
reservation of C2 with V = F (I)

1


F (I)
2 . In order for C1 to

form a stack of resources, V is placed first into the stack
(i.e., planned to assign last) as illustrated in Fig. 3. This
way, C1 makes sure that in order for a collision to occur,
there must be F1 − V arrivals at least within T1, where
V is the cardinality of set V . Note that, in the presence
of perfect knowledge about F (I)

2 , this scheme yields the
minimum number of collisions, since V can be regarded as
a breaking point. Therefore,MES deviates fromzero at rϵ

1 =

1 − V/F1. As Section 3 points out, beyond rϵ
1 , E {K} keeps

increasing due to the FILO scheme adopted. However, once
rL
1 is exceeded, E {K} escalates asymptotic to (7b).

4.2. Performance of MES in the presence of imperfect
knowledge [Generalized case]

Imperfect knowledge refers to the state where C1 is as-
sumed to know V partially. Let partial V be denoted as Vp
which satisfies Vp ⊆ V with a cardinality of Vp ≤ V . Par-
tial knowledge asserts that there areG = V−Vp resources
leaked into the secure set from vulnerable set within the
stack structure. In other words, if collision occurs in such a
scenario, it will definitely be caused by G resources in the
secure set. In order to evaluate the impact of this leakage,
assume that pilot cell C1 performs (E2) with a success rate
of swhere s ∈ [0, 1] yieldingVp = sV . Thus,G is defined in
terms of s as G = (1 − s) V . As indicated in (7), the behav-
ior ofMESneeds to be investigated based onHk. In conjunc-
tion with (7) and (8), first consider the case where Hk ≠ 0
and r1 ≤ rL

1 . Since probable collisions emanated from G
resources leaked into the secure set, for MES, E {K} actu-
ally corresponds to E {G}, which is equal to (1 − s) E {V}.
Observe that E {G} is a scaled version of E {V} due to the
initial condition r1 ≤ rL

1 and E {V} is the equivalent of (3)
when all of the resources are assigned. Thus, with the aid
of (4), it is found that E {G} = (1 − s) Xr1. In Section 3,
it is stated that once bending point is reached, expected
number of collisions behaves as though no knowledge ac-
quisition regime (i.e., absence of knowledge) is employed.
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Therefore, s looses its significance and E {G}will be asymp-
totic to (7b) beyond bending point. Performance ofMES re-
veals that (7) can actually be generalized in such away that
L includes the amount of knowledge acquired as follows:

L =

(1 − s) Xr1, r1 ≤ rL
1 (a)

X

1 − rL
1


r1 − rL

1


, otherwise. (b) (9)

In (9), it is indicated that the behavior of L might be
changed by introducing knowledge acquisition into the
system when r1 ≤ rL

1 , whereas it does not change when
rL
1 < r1, since (7b) and (9b) are the same. This is not
surprising, because bending point is such a point beyond
which the presence of knowledge does not have any effect
under any circumstances, as mentioned earlier (i.e., anni-
hilation of secure zone).

5. Impacts of scheduling period and generalized bound

Practical cases involve less frequent scheduling, since
scheduling is an expensive process in terms of computa-
tional power and time. Less frequent scheduling (i.e., T∆

< T1) has the following two impacts on performance: com-
pression and saturation. These two effects are analyzed be-
low.

5.1. Compression effect

When scheduling period T1 is prolongedwhile all of the
other parameters are constant, the most important change
occurs in evolution of the system due to pure birth pro-
cess assumption. In order to identify the behavior in a
normalized way, as in previous sections, pilot cell traffic
approach will be used. Assume that a new scheduling pe-
riod is adopted by C1 as T new

1 = nT∆ with 1 < n and
n ∈ R+. The new traffic loads in both cells for the period
calculated become rnewc = λ

(c)
A nT∆/Fc . If this is combined

with (1) for T = T∆, it yields rnewc = nrc . The most strik-
ing consequence of rnewc is that the behavior of bounds re-
mains the same, but it is compressed into r ′

1 ∈

0, 1/n2


where r ′

1 represents the transformed version of r1, which
is again defined within the unit interval by preserving λ

(1)
A

i.e., r ′

1 ∈ (0, 1]

with r ′

1 = λ
(1)
A T∆/F1.8 Note that although

T1 is prolonged by a factor of n, compression occurs within
0, 1/n2


. This stems from rnewc , because prolonged period

affects both of the cells simultaneously. In order to see this,
Corollary 3.2 can be examined. Since r ′

1 is assumed to be the
only independent variable, U is rewritten in terms of rnewc
yielding:

Unew
= rnew1 rnew2 S =


nr ′

1


(nr2) S = n2Xr ′

1. (10)

Observe that U for r1 ∈ (0, 1] is the same as Unew for r ′

1 ∈
0, 1/n2


, which is the evidence of compression effect at a

rate of n.

8 Such a transformation is necessary from the perspective of analysis,
because arrival rate is an independent process whose parameter λ

(c)
A

cannot be changed by the system. Therefore, when T new
1 is adopted for

the pilot cell approach, r ′

1 ∈ (0, 1] is required in order to evaluate the
behavior of the system in a comparative way.
5.2. Saturation effect

Despite (10) provides the precise behavior of Unew, one
might wonder if (3) is violated by a particular n value. For
instance, some n satisfying 1

r2
< n actually seems to cause

(10) to exceed S for 1
n < r ′. This concern is already cleared

by the domain of k in Proposition 3.1. Nonetheless, (10)
should be rewritten in the following form in order to avoid
any confusions:

Unew
=


nr ′

1


min (nr2, 1) S = nSminr ′

1, (11)

where Smin = min (nX, S). To proceed further, let the re-
maining r ′

1 ∈

1/n2, 1


interval be decomposed into the

following two subintervals: r ′

1 ∈

1/n2, 1/n


and r ′

1 ∈

(1/n, 1]. Because C1 can still accept new arrivals within
1/n2, 1/n


and r2 is assumed to be constant, E {K} in-

creases with the same rate, that is nmin (nr2S, S), due to
the same reasons provided for (11). When the last subin-
terval (1/n, 1] is considered, 1

n < r ′

1 implies that C1 runs
out of resources and further arrivals do not affect the num-
ber of collisions due to blocking assumption; therefore,
E {K} remains constant at Unew

= Smin. Note that Unew

equals nX for r2 ≤ 1/n, whereas it equals S for 1/n <

r2 ≤ 1, which verifies that any T∆ < T1 gives rise to satu-
ration, if all of the other parameters are assumed to remain
the same in the system.

Compression and saturation effects can be combined
to generalize the bound expressions. From (4) and (9a),
it is clear that the only difference between upper and
lower bound is the knowledge acquisition where upper
bound represents the absence of knowledge. As will be
shown subsequently, knowledge acquisition allows one
to unify the lower and upper bounds, whereas prolonged
scheduling period allows (9) to be generalized. Since (8) is
already defined in terms of traffic load, L can be expressed
in terms of s and nwith the aid of (9) as follows:

L′
=


nSmin (1 − s) r ′

1, 0 < r ′

1 ≤
rL
1

n
(a)

nSmin

1 − rL
1


r ′

1 −
rL
1

n


,

rL
1

n
< r ′

1 <
1
n

(b)

Smin,
1
n

< r ′

1 ≤ 1 (c)

(12)

There are two important facts regarding (12). First,
compression and saturation effects form a pattern in
both upper and lower bounds. It can be seen in (11) for
upper bound and (12) for lower bound that they include
nSmin and Smin for compression and saturation effects,
respectively. Second, for s < 1 and 1 < n, (12a) provides
larger asymptotic values compared to (12b) when r ′

1 is in
the vicinity of rL

1 /n. This can be verified by applying r ′

1 =

rL
1 /n and r ′

1 = rL
1 /n + ξ in (12a) and (12b), respectively,

where ξ is infinitesimal. Since both (12a) and (12b) are
slants with particular slopes, intersection point of these
two slants can be used for purifying the intervals of (12)
even though they actually do not intersect due to intervals
in which they are defined. This way, L′ can be redefined in
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Fig. 4. An example plot of both upper and lower bounds for F = 1000,
F1 = F2 = 100, and a fixed traffic load in C2 with r2 = 0.5. Upper
bound follows a slant which is defined in (4), whereas lower bound is a
piecewise-defined function that is based on bending point given in (8) and
found to be rL

1 = 0.9 here.

a more concise way as follows:

L′
=


n (1 − s) Sminr ′

1, 0 < r ′

1 ≤ r ′ (a)
nSmin

1 − rL
1


r ′

1 −
rL
1

n


, r ′ < r ′

1 ≤
1
n

(b)

Smin,
1
n

< r ′

1 ≤ 1 (c)

(13)

where r ′ is the intersection point of the slants in (12a) and
(12b), and it is found to be:

r ′
=

rL
1

n

s + rL

1 − srL
1

 . (14)

Observe that r ′ is the translated (or generalized) version of
rL
1 in the presence of both s and n. It is also easy to verify
that (13) alongwith (14) encompasses (4), (7), and (9) with
appropriate s and n values.

6. Numerical results

In the simulations, FRO regime is employed with F =

1000 resources andF1 = F2 = Fz = 100. Each simulation
setup is run 10000 times in order to obtain reliable
statistics. Theoretical bounds are obtained for T1 = T∆ and
all of the time related parameters such asµH are defined in
terms of T∆ aswell. A typical voice encoder period of 20ms
is chosen for T∆ and T2 = µH = 120T∆, which corresponds
approximately to half of the mean talk spurt duration of
5 s (i.e. time period of staying in active state in two-state
voice activity model) [20]. Each arrival is considered to be
assigned single resource. Resource collision is calculated
based on Definition 1 for each scheduling period at each
step, then E {K} is calculated.

To begin with, upper and lower bounds are plotted in
Fig. 4 for r2 = 0.5. As can be seen, upper bound is a slant
whose slope is r2F 2

z /F , whereas lower bound obeys (13)
for s = n = 1 with rL

1 = 0.9.
In order to see how MES behaves under different

scenarios, knowledge acquisition regime is employed in
Fig. 5. Performance of MES for s = 1 delineated by the corresponding
upper and lower bounds. Note that MES deviates from zero collision
before it reaches the bending point and E {K} escalates asymptotic to
(13b) for n = 1 beyond bending point.

simulations while the previous settings are maintained.
The performance of MES for s = 1 is given in Fig. 5. As
described earlier, s = 1 allows MES to avoid collision by
forming its assignment set as a stack. The impact of ϵ and
corresponding kϵ is seen when 0.8 ≤ r1 < rL

1 . In Section 3,
recall that for the same settings kϵ is found to be 26 of a
ϵ = 10−6 precision implying V = 26 or rϵ

1 = 0.74. This
discrepancy stems from the fact that simulation could not
reach the desired accuracy, because it ran only 104 times. In
order to confirm this, the PMF is reexamined for ϵ = 10−4

andV is found to be 20, which corresponds to rϵ
1 = 0.8 and

confirms the results in Fig. 5.9 This example sheds light on
the reasonwhy the use of bending point is essential for the
analysis.

The impact of knowledge acquisition on the perfor-
mance of MES is given in Fig. 6 for several scenarios with
s ∈ [0, 1]. The results are in conformity with (13). For in-
stance, the scheduler with s = 0.5 and n = 1 follows (13a)
with a slant whose slope is ≈2.78. Again, as in other s val-
ues, s = 0.5 is asymptotic to (13b) beyond r ′, as predicted.
Note also that upper bound is attained when s = 0.

Up until now, T1 = T∆ is considered. In order to see the
impact of Tnew, the performance of MES is plotted in Fig. 7
for n = 2, 4, 8with r2 = 0.2 and s = 0.4. In Fig. 7, both the
compression and saturation effects are clearly seen while
r ′

1 → 0. In order to exemplify how bounds delineate MES,
n = 4 is chosen. As stated in (13a), lower bound follows a
slant whose slope is n (1 − s) Smin = 19.2 for 0 < r ′

1 ≤ r ′.
The performance is upper bounded by a slant whose slope
is nSmin = 32, as given in (11). Note that upper bound
can also be obtained by applying s = 0 in (13a) and (14),
respectively. Saturation effect is seen in each realization of
n, for 1

n < r ′. Note also that how clipping (i.e., Smin) takes
place for n = 8 in 1

n < r ′, because 1
r2

< n is satisfied.

9 The relationship between ϵ and simulated value of breaking point can
also be verified from (2) with the same argument presented in Section 3.
In (2), p(k) is always greater than zero for all finite values of F . This
implies that if one were to run the same simulation for infinite amount
of time, there would definitely be a collision even for the case V =

min (F1, F2), which corresponds to rϵ
1 = 0.
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Fig. 6. Performance of MES under different knowledge acquisition
scenarios for s ∈ [0, 1], F = 1000, F1 = F2 = 100, and a fixed traffic
load in C2 with r2 = 0.5.
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Fig. 7. Performance of MES under three different scheduling periods
which are obtained by n = 2, 4, 8 for s = 0.4, F = 1000, F1 = F2 =

100, and a fixed traffic load r2 = 0.2. Note that the horizontal axis is r ′

1 ,
which corresponds to the transformed version of r1 , as stated in both (12)
and (13).

7. Concluding remarks

In this study, upper and lower bound of scheduler per-
formances for resource collisions in broadband OFDMA-
based systems are derived for voice traffic. Under FRO
regime, it is shown that upper bound is the expected
value of a hypergeometric PMF, whereas lower bound is
a piecewise-defined asymptote, which bends at a particu-
lar point. It is found that prolonged scheduling periods lead
to compression and saturation effects on the performance
of schedulers. Hence, analysis is extended in such a way as
to generalize the bound expressions in terms of both the
knowledge acquired and scheduling period.

Although voice is still considered to be the most
dominant traffic type, Internet draws significant attention
as well. Exhibiting very different traffic characteristics
renders Internet a challenging issue for ICI management.
Investigating the performance bounds of schedulers for
Internet traffic is of extreme importance for NGWNs.
Therefore, derivation of these boundswill help researchers
develop better schedulers for different types of traffic.
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Appendix A. Proof of Proposition 3.1

Proof. In the light of Definition 1, it is clear that maximum
number of collisions can be min (F1, F2). The number of
all possible resource assignment pairs is then equal to the
number of elements in the Cartesian product of the sets of
all available selections in each cell and given by:

KS =


F

min (F1, F2)

 
F

max (F1, F2)


.

Consider the cell whose Fc is the minimum. In this cell Cc ,
the number of all possible selections that yields exactly k
number of collisions is found as follows: The number of all
possible selections within that cell for min (F1, F2) is

K1 =


F

min (F1, F2)


.

Among K1 selections, the number of selections that yields
exactly k collisions is given by:

K2 =


F − min (F1, F2)

max (F1, F2) − k


.

This stems from the fact that, if min (F1, F2) of the re-
sources are reserved among F , then remaining number of
resources in the neighboring cell that might cause colli-
sion is simply F −min (F1, F2). Among F −min (F1, F2)
resources, if exactly k resources are colliding, then k re-
sources can be considered as reserved (since they are col-
liding, they will be in the selections anyway). This implies
that, remaining selections (number of resources) are re-
duced to max (F1, F2) − k. Hence, the total number of se-
lections among this set is expressed by K2. The number of
all possible different orderings for k resources causing col-
lisions among min (F1, F2) is

K3 =


min (F1, F2)

k


.

Since the probability space, namely KS , is known and the
number of all possible selections are defined, the desired
PMF can be obtained by

p(k) =
K1K2K3

KS

which is the equivalent of (2) and this completes the
proof. �
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Appendix B. Proof of Corollary 3.1

Proof. For the sake of brevity in notation, let min (F1, F2)
= Mmin andmax (F1, F2) = Mmax. Stemming from the fact
that k can take values in the range of [0,min (F1, F2)] and
PMF in (2) is of discrete nature, statistical expectation is
given by E {K} =

∑Mmin
k=0 k p(k). If p(k) is replaced with its

equivalent in (2) bearing r
 n
r


= n


n−1
r


in mind, then:

E {K} =
Mmin

F
Mmax

 Mmin−
k=1


F − Mmin

Mmax − k

 
Mmin − 1
k − 1


. (B.1)

If all of the common terms in the summation are re-
grouped, then it reads:

E {K} =
Mmin (F − Mmin)!

F
Mmax


(Mmax − Mmin)! (F − Mmax − Mmin + 1)!

×

Mmin−
k=1


Mmin−1

k−1


Mmin−1∏

j=k
(Mmax − j)

k∏
q=2

(F − Mmax − Mmin + q)

.

(B.2)

When the denominators in the summation are equalized
with appropriate coefficients, (B.2) becomes:

E {K} =
Mmin (F − Mmin)!

F
Mmax


(Mmax − Mmin)! (F − Mmax − Mmin + 1)!

×
1

Mmin−1∏
j=1

(Mmax − j) (F − Mmax − j + 1)

×

Mmin−
k=1


Mmin − 1
k − 1

 k∏
j=2

(Mmax − j + 1)  
A1

×

Mmin−1∏
q=k

(F − Mmax − Mmin + q + 1)  
A2

. (B.3)

In (B.3), for a given k, consider sum of first and last terms
of products A1 and A2, respectively (i.e., j = 2 and q =

Mmin − 1). If a change of variable is applied for this case
with sum of these two terms as u = F − 1, after some
mathematical manipulations (B.3) simplifies to:

E {K} =
Mmin (F − Mmin)!

F
Mmax


(Mmax − Mmin)! (F − Mmax − Mmin + 1)!

×

Mmin−1∏
k=1

(u − k + 1)

Mmin−1∏
j=1

(Mmax − j)
Mmin∏
q=2

(F − Mmax − Mmin + q)

. (B.4)

Finally, one can expand all of the factorials and products
and simplify (B.4) further to:
E {K} =
MminMmax

F
, (B.5)

which conformswith (3) in Corollary 3.1 and completes the
proof. �

Appendix C. Proof of Corollary 3.3

Proof. If K denotes the number of collisions in (2), then,
sample space is given by S = {0, 1, . . . ,min (F1, F2)}.
For an arbitrary k ∈ S recall that Pr (K ≤ k) =

∑k
i=0 p(i),

which causes Pr (K ≤ k) to be strictly increasing.10 There-
fore, one is allowed towrite Pr (K ≤ k + 1) = Pr (K ≤ k)+
p(k + 1) for all k satisfying k < min (F1, F2). The unit
measure axiom necessitates Pr (K ≤ min (F1, F2)) = 1.
Note that Definition 2 stipulates L ∈ [Pr (K = 0) , 1) and
Pr (K ≤ k) can be defined in terms of intervals such as
Pr (K ≤ k) ∈ [p(0), 1) for 0 ≤ k < min (F1, F2). Along
with the property of being strictly increasing, this causes
the set P actually to form a strict order for a given S as
(P, <) where:

P = {Pr (K ≤ k) | 0 ≤ k < min (F1, F2)} . (C.1)

Therefore, for any given L satisfying L ∈ [Pr (K = 0) , 1),
there always exists a unique pair (k, k + 1) in P corre-
sponding to kϵ and this completes the proof. �
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