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1. Introduction

A formal holomorphic map H: (M,p)— M’ from a germ of a real-analytic submanifold
McCV at pe M into a real-analytic subset M’'CCY' is an N’-tuple of formal holomor-
phic power series H=(Hj, ..., Hy+) satisfying H(p)e M’ with the property that, for any
germ of a real-analytic function §(w, @) at H(p)eCN" which vanishes on M’, the formal
power series §(H (z), H(z)) vanishes on M. There is an abundance of examples showing
that formal maps may diverge: After the trivial example of self-maps of a complex sub-
manifold, possibly the simplest non-trivial example is given by the formal maps of (R, 0)
into R which are just given by the formal power series in z€C with real coefficients, that
is, by elements of R[[z]].

It is a surprising fact at first that, for formal mappings between real submanifolds
in complex spaces, if one assumes that the trivial examples above are excluded in a
suitable sense, the situation is fundamentally different. The first result of this kind was
encountered by Chern and Moser in [CM], where—as a byproduct of the convergence of
their normal form—it follows that every formal holomorphic invertible map between Levi-
non-degenerate hypersurfaces in CV necessarily converges. The convergence problem,
that is, deciding whether formal maps, as described above, are in fact convergent, has
been studied intensively in different contexts, both for CR manifolds and for manifolds
with CR singularities, for which we refer the reader to the papers [Rot], [MMZ2], [LM1],
[HY1], [HY2], [HY3], [Sto], [GS] and the references therein. Solutions to the convergence

problem have important applications, for example, to the biholomorphic equivalence
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problem, where they yield the fact that formal invertible maps are automatically local
biholomorphisms.

The convergence problem for formal CR maps, i.e. when the source manifold M
is CR, which this paper mainly focuses on, has received considerable attention. Build-
ing on extensive work by Baouendi, Ebenfelt and Rothschild in the 1990s (see [BER1],
[BER2|, [BER3]), Baouendi, Rothschild and the second author [BMR] proved conver-
gence of formal invertible CR maps under optimal geometric conditions on CR subman-
ifolds M, M'CCY : they are the generic submanifolds of CV that are of finite type and
holomorphically non-degenerate. Let us recall that M is holomorphically non-degenerate
(in the sense of Stanton [Sta]) if any (locally defined) holomorphic vector field X tangent
to an open piece of M must be trivial, and that M is of finite type (in the sense of
Bloom—Graham [BG]) if the evaluations at every point p€ M of vector fields in the Lie
algebra generated by the CR and anti-CR vector fields constitute the full complexified
tangent space C1,M.

Understanding the convergence problem in the more general case of arbitrary maps
between CR. submanifolds in complex spaces of arbitrary dimensions N and N’ has
remained much more challenging. The first general convergence result along these lines
has only recently been obtained by the authors in [LM1] in the case when M’ is a strictly
pseudoconvex CR manifold; we refer to that paper for an up-to-date account of previous
work in that area. In the present paper we introduce a quite different approach to deal
with the more general case where we do not assume any strict and, not even any weak,
a-priori curvature conditions on M’.

Let us first discuss the question of how formal CR maps from a given germ (M, p)
into M’ may diverge. It turns out that the natural geometric obstruction to convergence
comes from the existence of complex-analytic subvarieties (of positive dimension) lying
in M’. Indeed, assume that A: A={CeC:|{|<1}—M’ is a holomorphic disc in M’.
Then, every formal holomorphic power series f:(CY,p)—(C,0) defines a formal CR
map Ao f: (M,p)—M'. If f is furthermore divergent, so is Ao f. Hence, from this simple
observation, one may generate, due to the presence of holomorphic discs in M’, divergent
maps whose image, furthermore, is entirely contained in the set formed by the union of
complex-analytic subvarieties (of positive dimension) contained in M’. Our first main
result, Theorem 1.1 below, provides a converse to this by showing that, for any generic
submanifold of finite type M, the only way to get divergent formal CR maps is by having
them being valued in the above mentioned set. Some care is needed in order to define
the notion of the image being contained in that set, as the map H is a priori only formal.

For this, we need to recall the definition of points of infinite D’Angelo type (intro-
duced by D’Angelo in [D1] in the context of smooth hypersurfaces) in the real-analytic
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set M’. A point p’e M’ is of infinite D’Angelo type if there exists a (non-constant) holo-
morphic disc A: A— M’ with A(0)=p’. We note that D’Angelo discusses, e.g. in his book
[D3], effective ways of deciding whether a given point p’ is of finite or infinite D’Angelo
type. We denote by Eyss the collection of all points p’€ M’ which are of infinite D’Angelo
type; this, by [D2] and [D3], is a closed subset of M’. We further say that a formal
holomorphic map H: (M,p)— M’ sends M into &y if there exists a sequence of (germs
of) real-analytic maps hy: (CN,p)—CN' which satisfies hy=H+O(|z—p[**1) for keN,
and such that, for every k€N, we have hy((M,p))CEm.

We can now state our main theorem.

THEOREM 1.1. Let M CCY be a generic real-analytic submanifold, of finite type at
peM, and M cCN bea real-analytic set, where N, N'>2. For any formal holomorphic
mapping H: (M,p)—M’, if H does not send M into Eppr, then H is convergent.

Theorem 1.1 contains as a special case the main theorem in the aforementioned
recent paper of the two authors [LM1], because a strictly pseudoconvex CR manifold
M’ satisfies Ey;r=2. We also note that, under the additional assumption that M’ is
real algebraic, the conclusion of Theorem 1.1 was obtained by Meylan, Zaitsev and the
second author in [MMZ1] and, furthermore, Theorem 1.1 fully settles in the affirmative
a question raised in [MMZ2]. Our approach for real-analytic target sets necessarily
differs completely from the one taken in the algebraic setting, as all techniques from
commutative algebra are not available in this general situation any longer. It turns out
that the general setting studied here requires a completely different approach, which we
will shortly describe and which provides a new line of attack for a previously untractable
problem. Another remarkable feature of Theorem 1.1 we should point out is that it is
optimal in the sense that the finite-type assumption on M can not be dropped. Indeed,
according to [KS], there exists infinite-type real-analytic hypersurfaces M in C? through
the origin and formal CR divergent self-maps H: (M, 0)— M such that H(M)ZEpr.

As a particular application of Theorem 1.1, we settle the long-standing question
whether the absence of complex-analytic subvarieties in M’ actually characterizes con-

vergence of every formal map; see [Rot, Conjecture 3.6].

COROLLARY 1.2. Let MCCN be a generic real-analytic submanifold, of finite type
at peM, and M cCN be a real-analytic set, where N,N’'>2. Then, every formal
holomorphic mapping H: (M,p)— M’ is convergent if and only if M’ does not contain

any complezx-analytic subvariety of positive dimension.

In the equidimensional case N=N’, some variants of Corollary 1.2 for hypersurfaces
have appeared in [BER3| and [Su]. However, even in that special setting, our corollary

covers previously unknown cases. The reader will note that Corollary 1.2 is one, among
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others, of the applications of Theorem 1.1. For instance, if H: (M,p)— M’ is a formal
CR map, of generic (complex) rank Rk H>1, and if £y consists of a single analytic
disc passing through H(p), then one can check that H does not send M into &£y, and
so Theorem 1.1 shows that H must converge. In §2, we point out a number of other
results extending this observation, where we in particular relate conditions on the size of
the set of infinite D’Angelo points £y and the generic rank of H in order to guarantee

convergence (see, e.g., Corollary 2.5).

Theorem 1.1 will follow from a far more powerful result, Theorem 2.2, which we state
in §2 below. It gives a general necessary condition for the existence of divergent maps;
heuristically speaking, in order for a divergent formal map H: (M, p)— M’ to exist, there
must be some integer 1<r <N’ and, for every positive integer k, a family of r-dimensional
complex-analytic subvarieties (T.).cp, parameterized by some neighborhood My of p
in M, depending in a CR fashion on the parameter z€ M}, (in a suitable sense), and such
that each submanifold T, passes through H(z) and has order of contact at least k with
M’ at H(z). Of course, as H is only a formal mapping, one cannot talk of the point
H(z) in M’ for z#p, but making this rough intuition precise and exploitable takes up
the major part of this paper.

Our approach not only provides restrictions in the sense that for divergent maps to
exist the target set M’ must contain positive-dimensional complex-analytic subvarieties,
but also relates the location of these subvarieties with the geometry of M’ through the
map H|ps. This opens the way to study the convergence problem in certain given classes
of formal CR mappings (typically, classes that are defined through rank conditions that
are stable under small deformations) for which the target set M’ is allowed to be of infinite
D’Angelo type everywhere, i.e. allowing M'=&);,. We illustrate our claim through three
applications fitting the above described setting. We show how the convergence result
for formal CR invertible mappings of [BMR] follows as a straightforward consequence of
Theorem 2.2 (see Corollary 2.6) and we also completely settle two particularly interesting
and previously unknown cases in this paper: optimal results are stated below in §2 for
(transversal) mappings between Levi-non-degenerate hypersurfaces (Corollary 2.7) and

mappings with target the tube over the light cone (Corollary 2.8).
The approach developed in the present paper is completely new and radically differ-

ent from the methods used so far to study the convergence problem for formal CR maps.
We therefore believe that the methods described here will be useful in other contexts,
and will be adapted for other mapping problems in the future. Indeed, in a forthcoming
article, we will use the philosophy of the approach in this paper (together with other
ingredients) to study the C*°-regularity of CR mappings in complex spaces of different
dimension (see [LM2]), in the spirit of the recent work of Berhanu and Xiao [BX1] in the
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case of strictly pseudoconvex targets.

We will now describe our proof in greater detail and also explain the organization
of the paper. As already pointed out, we will establish a link between the divergence
properties of a formal CR map and the geometry of the triple (M, M’, H). This is done
by means of what we call k-approrimate formal deformations in §2. Theorem 2.2 shows
that a divergent formal CR mapping which sends a real-analytic generic submanifold
M cCN of finite type into some real-analytic set M’ cCY’ generates k-approximate for-
mal deformations (of the mapping) of any order k.

A k-approximate formal deformation of the mapping can be viewed as a holomor-
phic family, depending on a parameter t€C", for some r>1, of formal holomorphic maps
H;: ((C]V,p)—>(CN/7 satisfying Hy=H, sending M into M’ up to order k (with respect
to the deformation parameter t) and such that the family (Hy)tccr is an r-dimensional
deformation of the mapping H. We construct these objects, which are crucial for our
approach, in §3 and §4. The first step in their construction is the introduction and the
study of a new invariant attached to (M, H), which we call the divergence rank of H.
For a generic submanifold M of finite type, the divergence rank provides a suitable mea-
surement of the lack of convergence of the mapping H. In order to define the divergence
rank, we need to consider the collection of all relations of a certain type satisfied by the
mapping H, including (but not restricted to) the one coming from the basic mapping
identity H(M)CM'. In all previous works on the subject (except notably the algebraic
situation studied in [MMZ1]), the basic mapping identity was the only one that was taken
into consideration. It appears that this single identity and its prolongations, especially
in the case of positive codimension (i.e. N'>N), cannot carry enough information to
encode exactly how divergent/convergent the map is.

After we establish the basic properties of the divergence rank in §3.2, we can identify
the right “directions” in which the mapping H can be deformed holomorphically. In §3.3
we show that such directions can be chosen formally meromorphic. At this point, we
should mention that the implementation of the above strategy is based on two useful
technical results from our previous work [LMI1]. In §4, we use the formal meromorphic
vectors found in §3.3 to build, for any formal CR map with divergence rank >1, a formal
deformation of the mapping H (with meromorphic coefficients), which is then used to
obtain the desired approximate formal deformations of any order, yielding the proof of
Theorem 2.2. The proof heavily relies on the well-chosen definition of the divergence
rank and on its related properties.

In §5, from the existence of approximate formal deformations of any order, we de-
rive some more geometric consequences on the existence of families of complex-analytic

subvarieties of positive dimension contained in M’, which yields, among other things,



372 B. LAMEL AND N. MIR

the proof of Theorem 1.1. While deriving these geometric consequences (from the given
formal approximate statements), we are naturally led to investigate some very interesting
open problems related to Artin’s approximation theorem [A] in the context of CR geom-
etry (see, e.g., [Mir3]). One relevant question we mention in Conjecture 2.12 concerns an
approximation result of strong type in the CR setting. Even though an answer to this
question appears presently out of reach in full generality, for the purposes of the present
paper, we are able to utilize a parameter version of an approximation result of strong
type due to Hickel-Rond [HR]. In the last section of the article, we discuss the notion of
k-approximate formal deformations for k=1, 2, and complete the proof of a number of
results mentioned in §2, including the solutions of the convergence problems for formal
CR transversal maps between Levi-non-degenerate hypersurfaces and for maps valued in

the tube over the light cone.

2. Existence of divergent formal CR maps:

necessary and sufficient conditions

In this section, we state our most general result (Theorem 2.2), providing a new necessary
condition for the existence of divergent formal CR maps. Such a result will be used to
derive Theorem 1.1, but we also include here a number of additional convergence results
following from Theorem 2.2. Such results cover the case of target real-analytic sets that
may be foliated by complex-analytic subvarieties, and hence go beyond the situation
treated in Theorem 1.1. We also next discuss in §2.2 how close to being sufficient the

condition obtained in Theorem 2.2 is to guarantee the existence of divergent maps.

2.1. Approximate formal (holomorphic) deformations

In what follows, we define the rank of a formal power series map to be the rank of its
Jacobian matrix over the quotient field of power series, or, equivalently, the size of a
largest non-identically vanishing minor of its Jacobian matrix (see §3.1 for more details).

The following notion will be crucial throughout the paper.

Definition 2.1. Let M CCY be a generic real-analytic submanifold, M'cCN be a
real-analytic set and pe M, N, N’ >2.
Given a positive integer k, a k-approzimate formal (holomorphic) deformation for

(M, M') at p is a formal holomorphic map B¥: (CN xC7, (p,0))—CN" for some integer
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r>1, with B¥(p,0)€ M’ satisfying the following conditions:
()
oB*
ot
(i) for every germ of a real-analytic function g: (M’, B¥(p,0))—R, vanishing on M’
near B*(p,0),

Rk (2,0)=m;

Q(Bk(zat)’ Bk(z>t))|Z€M = O(‘t|k+1>'

If, in addition, H: (CV,p) —C is a formal holomorphic map sending M into M’, we
say that H admits a k-approximate formal deformation if there exists a k-approximate
formal deformation B¥ of (M, M’) at p as above satisfying B¥(z,0)=H(z). In that case,
we also say that H admits B* as a k-approximate formal deformation (of (M, M")).

Note that, if B* is a k-approximate formal deformation, one may assume without
loss of generality that each component of B* belongs to C[[z—p]][t] (by truncating B*
up to order k with respect to ¢). Hence B* can be identified with a holomorphic family
of formal holomorphic maps (BF);ccr where BF:=B"(-,t) is deforming the map Bj.

The main result of the present paper is given by the following theorem, providing
a necessary condition for the existence of divergent formal holomorphic maps in terms
of approximate formal deformations. We recall that M is said to be of finite type at a
point pe M if the Lie algebra generated by its CR vector fields and its conjugates spans
the full complexified tangent space at p (see, e.g., [BER3] and [BCH]).

THEOREM 2.2. Let M CCN be a generic real-analytic submanifold, of finite type at
peM, with N,N'>2. If H: (CN,p)—HCN/ s a divergent formal holomorphic map, there

exist an integer r€{1,..., N'} and, for every k€N, a formal holomorphic map
B*: (CN xC”, (p,0)) — CN’

such that, for every real-analytic set M'CCN' passing through H(p), if H(M)CM' then
H admits B* as a k-approvimate formal deformation of (M, M’).

Theorem 2.2 shows that the existence of k-approximate formal deformations, for
every integer k, is a necessary condition for the existence of divergent formal holomorphic
maps. It is a natural question if this condition, or an analog, can also serve as a sufficient
condition. We will turn to this question in §2.2 below. Let us emphasize that the k-
approximate deformations we will construct are universal in the sense that they only
depend on the map H and not on the particular real-analytic set M’ containing H (M).

We see from Theorem 2.2 that, in order to understand the existence of divergent

maps, it is essential to understand how the geometry of the triple (M, M’, H) is related to
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the existence/non-existence of approximate formal deformations. To this end, for every
positive integer d, we denote by gl‘\i/[, the set of points in M’ through which there passes
a complex submanifold of dimension d. We can use this set to formulate the following

geometric consequence of Theorem 2.2.

COROLLARY 2.3. Let MCCN be a generic real-analytic submanifold, of finite type
at peM, and M'CCN' be a real-analytic set, with N,N'>2. If H: (M,p)—=M' is a
divergent formal holomorphic map, then there exist an integer re{1,..., N'} and, for any
positive integer k, a neighborhood Uy, of p in CN and a real-analytic map hy: U, —CN’
such that the following conditions are satisfied:

(a) hp(MNUg)CM', and hy agrees with H at p up to order k;

(b) there exists a Zariski open subset 4, of MNUy, such that hy, (%) CELy.

In particular, we have that hy(MNU)CE0+ for every positive integer k.

This result immediately implies Theorem 1.1 mentioned in the introduction. We
would like to mention the following geometric consequence of Corollary 2.3. In this

corollary, RkH |y; denotes the generic (real) rank of H as a formal map M —CN' ~R2N',

COROLLARY 2.4. Let M CCN be a generic real-analytic submanifold, of finite type at
peM, and M'CCN' be a real-analytic set, with N, N'>2. If H:(M,p)—M' is a diver-
gent formal holomorphic map, then there exist an integer r€{1,..., N'} and, in any neigh-
bourhood U of H(p) in CN', a family of r-dimensional complez submanifolds (Yy)qex
parameterized by a real-analytic submanifold X CUNM" such that q€Y,C M’ for every
qeX, and with dimg X >Rk H|p;.

A straightforward but noteworthy consequence of Corollary 2.4 providing an easy

criterion for convergence of formal holomorphic maps is given by the following.

COROLLARY 2.5. Let MCCY be a generic real-analytic submanifold, of finite type
at peM, and M'cCN bea real-analytic set, with N, N'>2. Denote by o the maximum
dimension of real-analytic submanifolds contained in Eppr. Then, any formal holomorphic
map H:(M,p)—M'" with Rk H|p > is convergent.

Corollaries 2.3 and 2.5 allow us to conclude the convergence of formal CR maps
when their “formal image” is not entirely contained in the set £,/ of infinite D’Angelo
type points in M’, or when &),/ is not too large. But when M’ is itself entirely foliated by
complex-analytic varieties (which can happen for example if M’ is a Levi-non-degenerate
hyperquadric of positive signature or any homogeneous Levi-degenerate hypersurface; see,
e.g., [Fre]), these corollaries are not applicable. However, we shall show that our main

result on approximate formal deformations (Theorem 2.2) provides effective results even
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in such cases. We start with a general statement about the existence of 1-approximate
deformations.

Given a triple (M, M’, H) as in Theorem 2.2, a l-approximate formal deformation
of H corresponds to the existence of a non-zero formal holomorphic vector field tangent
to M’ along H(M) (see Proposition 6.1). If we furthermore assume that N=N’ and
H is of rank N, the existence of a l-approximate formal deformation of H happens
to be equivalent to M being holomorphically degenerate at p in the sense of [Sta] (see
Proposition 6.2). Hence, Theorem 2.2 implies in this specific setting the well-known
following result of [BMR] and [Su].

COROLLARY 2.6. Let M, M'CCY be (connected) generic real-analytic submanifolds
and peM, N>=2. If M is of finite type at p and H: ((CN,p)—>(CN, is a divergent formal
holomorphic map of rank N with H(M)CM’, then M is holomorphically degenerate.

Regarding 2-approximate formal deformations, it is pretty easy to see that there are
no such objects when M’ is a strongly pseudoconvex CR, manifold (see Proposition 6.3).
On the other hand, the situation is different and, in some sense, more interesting when
we study the existence of 2-approximate formal deformations for CR transversal formal
maps between Levi-non-degenerate hypersurfaces. Let us recall that, if M is Levi-non-
degenerate and connected, then the minimum (resp. maximum) of the numbers of positive
and negative eigenvalues of its Levi form is the same at each point of M and is called the
signature (resp. cosignature) of M. Let us also recall that, if M and M’ are two real-
analytic hypersurfaces in CV and CV " respectively, with p€ M, a formal holomorphic
map H: (CN,p)—ﬂCM sending M into M’ is called CR transversal (at p) if

Ty M +dH (T (CN) =T CN'.
The following result is an application of Theorem 2.2 in the context of transversal

maps between Levi-non-degenerate hypersurfaces.

COROLLARY 2.7. Let MCCN and M'CCN' be (connected) real-analytic Levi-non-
degenerate hypersurfaces, of signature £ and £, respectively, with N, N'>2. Assume that
M and M’ have either the same signature (i.e. £={") or cosignature (i.e. N—¢=N'—{").
Then, for every peM, if H:(M,p)—M' is a formal holomorphic map which is CR

transversal at p, then H is convergent.

More specifically, this result will follow from Theorem 2.2 by showing that, under the
above conditions =/ or ' —¢=N'— N, a CR transversal formal holomorphic map H does
not admit any 2-approximate formal deformation (see Proposition 6.4). Corollary 2.7 is

optimal in the sense that, if the condition on the signatures of M and M’ is violated, then
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there exists examples of Levi-non-degenerate hyperquadrics and CR transversal formal
holomorphic maps which are divergent. This is explained in detail in Remark 6.6.

In the case {=¢'=0, Corollary 2.7 is a special case of the strongly pseudoconvex
setting already settled in [LM1] (or contained in Corollary 1.2), in the sense that, in this
setting, the transversality assumption is superfluous. Besides that case, Corollary 2.7 is
a completely new result, which has not appeared even in special cases in the literature.
It is worth pointing out the similarity between the condition on the signatures in our
Corollary 2.7 and the one appearing in the work of Baouendi-Huang [BH] in their study
of the rigidity of holomorphic maps between hyperquadrics. We also note that, if /=0,
that is, if the source hypersurface M is strongly pseudoconvex, then Corollary 2.7 not
only guarantees the convergence of all formal CR transversal maps in the case that M’
is strictly pseudoconvex, but also under the condition #/=N’—N. This condition is
analogous to the one given in the works by Berhanu-Xiao and the second author [BX2],
[Mir4] dealing with the smoothness/analyticity of CR maps.

We should also add that if the codimension is 1, that is, N'=N+1, the condition of
Corollary 2.7 on the signatures of M and M’ is always satisfied. We thus also recover a
result of the second author [Mir2, Theorem 1.2] (see also [L] for an earlier related result).

We conclude with a last application of Theorem 2.2 (not accessible from Corol-
lary 2.3) that allows to treat formal maps valued in the tube over the light cone. Recall

that the latter is the regular part of the real-algebraic variety given by

N’ —1
™ = {(zl, 2N ) ECN  (Rezy/)? = Z (Rezj)2}. (2.1)

j=1

As is well known, the regular points of TV " constitute a holomorphically non-degenerate
real hypersurface foliated by complex lines. For any real-analytic generic submanifold M
of finite type in C and for M’:']I‘N,7 we shall determine in Proposition 6.8 all formal CR
maps sending M into TV ' admitting a 2-approximate formal deformation. In conjunction

with Theorem 2.2, this description immediately yields the following result.

COROLLARY 2.8. Let M CCN be a generic real-analytic submanifold in CN, of finite
type at pe M, and TN cCN' be the tube over the light cone, with N, N'>2. Then, every
formal holomorphic map H: (M,p)—)']I‘N/ with Rk H>2 is convergent.

We note that the rank condition in Corollary 2.8 is again optimal, in the sense that
there exist divergent formal holomorphic maps of rank 1. Indeed, if 7(2) is any divergent
formal holomorphic function, the map z— (n(2),0, ...,0,7(2)) is an example of a divergent
formal holomorphic map valued in T " Actually, all of the possible divergent maps can

be completely characterized (see Corollary 6.9).
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2.2. Approximate formal deformations vs. holomorphic deformations

Theorem 2.2 shows that the existence of divergent formal CR maps imply the existence
of k-approximate formal deformations for every integer k. We shall now explain to what
extent the existence of approximate formal deformations is relevant in order to establish
the existence of divergent formal CR maps. To this end, following the lines developed
by the second author for the study of the analyticity problem for CR maps in [Mir4], we

first introduce the notion of holomorphic deformation as follows.

Definition 2.9. Let M CCY be a generic real-analytic submanifold and M’'cCN " be
a real-analytic set and pe M, with N, N'>2. A holomorphic deformation for (M, M)
at p is a (germ of a) holomorphic map B: (CN xC7, (p,0))—CN' for some integer r>1
satisfying the following conditions:

(i)

OB
Rk E(z, t)=r;

(ii) B(MxCr)c M’

If, in addition, H: (CN,p)—CN" is a formal holomorphic map with H(M)CM’, we
say that B is a holomorphic deformation of H (or that H admits B as a holomorphic
deformation) if there exists a formal power series map G:(CY,p)—(C",0) such that
H(z)=B(z,G(2)).

Given a holomorphic deformation B for (M, M') at p as in Definition 2.9, one may

also define the rank of the deformation to be

0B

We conjecture the following necessary and sufficient condition for the convergence of
formal CR maps of a prescribed rank in terms of the non-existence of holomorphic de-

formations.



378 B. LAMEL AND N. MIR

Conjecture 2.10. Let M CCYN be a generic real-analytic submanifold, of finite type
at pe M, and M'CCY be a real-analytic set, with N, N’>2. Then for every positive
integer s, the following conditions are equivalent:

(i) any formal holomorphic map H: (CV,p)—CN’ sending M into M’ with Rk H > s
is convergent;

(ii) there does not exist any holomorphic deformation for (M, M’) at p of rank at

least .

The implication (i) = (ii) can be easily obtained as follows. Suppose that there exists
a holomorphic deformation B of (M, M') at p of rank > 3. Then, for any divergent formal
power series w(z)€C[[z—p]|] vanishing at p, for ucC* and for di,...,6,€C sufficiently
small generic values, the formal map z+— B(z, uw(z)+4d1, d2, ..., d,) is divergent. Indeed,
for 41, ..., 0, €C sufficiently small generic values and ueC, we have

Rk %(271173(2)—#51,527 v 0p) =7 (in Cl[z—pl])

and the formal map

z+— B(z,uw(z)+01,09, ..., 0r) (2.2)

has rank >s. If B(z,uw(2)+41, 02, ...,0,) were convergent for u#£0, it would follow that
w(z) would be convergent too, as a consequence of e.g. [Mirl, Proposition 4.2]. Hence
for the above choices of u and ¢y, ...,d,, the full map (2.2) is therefore divergent, sends
(M, p) into M" and has rank >3. Note that in case =1, condition (ii) is equivalent to
say that M’ does not contain any holomorphic curve, and hence Conjecture 2.10 in this
case is true, in view of Corollary 1.2. The converse implication in Conjecture 2.10 for
x>1 seems to be still open. However, Theorem 2.2 can be seen as a contribution to its

solution. Namely, from Theorem 2.2 we have the following result.

COROLLARY 2.11. Let M CCY be a generic real-analytic submanifold, of finite type
at peM, and M'CCN' be a real-analytic set, with N,N'>2. If H: ((CN,p)—>(CN, s a
divergent formal holomorphic map with H(M)CM', there exists an integer re{1, ..., N'},
and for any k€N, a formal holomorphic map B*:(CN xC", (p, O))—)(CN/ such that B*

s a k-approzimate formal deformation of H of rank at least Rk H.

We believe, in fact, that the existence of k-approximate formal deformations for
every integer k for a given map H as above happens to be equivalent to the existence of
a holomorphic deformation of that map. In fact, we conjecture the following, which in

view of Corollary 2.11 implies Conjecture 2.10.
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Conjecture 2.12. Let M CCY be a generic real-analytic submanifold, of finite type
at pe M, and M'CCN’ be a real-analytic set, with N, N’>2. Let H:(CN,p)—CN' be
a formal holomorphic map with H(M)CM’. Assume that there exist an integer r€
{1,..., N’} and, for any k€N, a formal holomorphic map B*: (CN xC”, (p,0))—=CN" such
that B* is a k-approximate formal deformation of H. Then, there exists a holomorphic
map B: (CN xC", (p,0))—CN" that is a holomorphic deformation for (M, M) at p of
rank at least Rk H.

Hence, assuming the validity of Conjecture 2.12, Theorem 2.2 provides a necessary
condition that is also sufficient regarding the existence of divergent formal CR maps.
Note that results of a similar flavour as that of Conjecture 2.12 can be found in the
existing literature (see, e.g., [Z] and [Mir3]), but Conjecture 2.12 involves a much more

challenging and general situation than what can so far be found.

3. Properties of divergent formal maps

Let M CCY be a generic real-analytic submanifold and p€ M. Throughout the paper,
(M, p) will denote the germ of M at p. In this section, given a formal holomorphic
map H:(CV,p)—CV ', we will introduce the first main ingredient for our construction
of approximate deformations, namely a new numerical invariant attached to the pair
(M, H), which we call the divergence rank of (M,H) (or simply H). It will then be
shown that such an invariant suitably measures, when M is of finite type at p, the lack
of convergence of the map H.

3.1. Notation and preliminary results

Throughout the paper, for k>1 and t=(t,...,t;) €C*~R?* we denote by C[[t,]] the
ring of formal power series, by C{¢,% } the ring of convergent power series, and by C[t, ]
the ring of polynomials in ¢ and # with complex coefficients. The subring of holomorphic
formal power series (resp. holomorphic convergent power series) is denoted by C[[t]] (resp.
C{t}). The field of fractions of C[[t,#]] (resp. C[[t]) is denoted by C((t,%)) (resp. C((2))).
Note that, by complexification, C[[t,Z]] (resp. C{¢,7}) may be identified with the ring
of formal holomorphic power series C[[t, 7]] (resp. holomorphic convergent power series
C{t,7}) in 2k complex variables (¢,7). For a formal power series g(t)€C[[t]], we denote
by g(t) the formal power series whose coefficients are the complex conjugates of those
of g(t). Furthermore, given a positive integer m, for a formal power series mapping
h(t,t)e(C|[t,t]])™, the rank of h, denoted by Rkh, is the rank of its Jacobian matrix
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over the field C((¢,7)); it is equal to the size of a largest non identically vanishing (in
C|[t,t]]) minor of its Jacobian matrix.

All of the previous notation will also be used for rings of power series over the field
of real numbers, as well as for power series that are not necessarily centered at the origin.
For instance, C[[t—gq, t—q]] denotes the ring of convergent power series in ¢ and ¢ centered
at ¢, with complex coefficients.

Let M CCY be a real-analytic generic submanifold of codimension d and pe€M.
Then, there exists a real-analytic vector-valued defining function g: (CV,p)—R¢9,

0= (Ql) ceey Qd) S (R{Z_p7 Z_ﬁ})d7
for M near p. This means that g is real-valued, M ={p=0} as germs at p and

01 A...N94(p,p) #O0.

The components g1, ..., 04 generate an ideal Z(M)CC{z—p, z—p}. The ring of germs of

real-analytic functions on M at p is then given by

Cle—p.z—p}

C{M} = Z(M)

The ideal of formal power series that vanish on M, i.e. Z(M)=Z(M)C[[z—p, z—p] is the
ideal of formal power series S(z,z)€C[[z—p, Z—p]| such that, for any real-analytic (or
formal) parametrization 1: (R2V=? 0)— (M, p), we have S(z)(x),(x))=0. It is easy to
check that both Z(M) and Z(M) are prime ideals (in C{z—p, z—p} and C[[z—p, 2—p]|,

respectively). We define the ring of formal power series on M to be the quotient ring

H = (C[[prv 271_)]]

C[[M _
Z(M)

Note that C[[M]] is an integral domain, and the closure of C{M} with respect to the
topology generated by its maximal ideal. One should in principle indicate in this notation
that the ring C[[M]] depends on the point p, but we will omit this, as the point p will be
fixed throughout the paper, and therefore identify M with the germ of M at p. For any
formal power series A(z,Z)€C|[z—p, Z—p]|, we will denote by A(z, Z)|am (or A(z, Z)|zem)
the image of A in C[[M]] under the canonical projection. The field of fractions of C[[M]]
will be denoted by C((M)).

Let M and p be as above, and n denote the CR dimension of M. For any real-
analytic (or formal) CR vector field L tangent to M near p, we can define LucC((M))
for ueC((M)), since the coefficients of L belong to C{z—p, z—p} (resp. C[[z—p,z—p]]),
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and L annihilates Z(M) (resp. Z(M)). We say that u is CR if Lu=0 for every such CR
vector field L. It is well known that u€C((M)) is CR if and only there exists n€C((2)),
where C((z)) denotes the quotient field of C|[[z]] such that u=n|ps (see, e.g., [MMZ1]).
Since L satisfies the Leibniz rule, the collection of all CR elements in C((M)) is a subfield,
which we will denote by CR((M)).

Suppose now that we are given a real-analytic set M’ CCY ". We recall that a formal
holomorphic mapping H: (CY,p)—CN" sends M into M, and write H(M)CM’, or

H:(M,p) — M’,

if, for every germ of a real-analytic function A(w,®@)eC{w—H(p),w—H(p)} vanishing
on M’ near H(p), the power series A(H(z), H(z))€Z(M) or, equivalently,

A(H(2), H(2))|m =0.

In case H is convergent, the reader can easily check that this means that the germ of H
at p sends the germ of M (at p) into M’ in the usual sense.

We now collect a few preliminary but important results from [LM1]. The first one,
Lemma 3.1, follows from using similar arguments as those of [LM1, Lemma 4.5], and is
very much related to a corresponding statement in the smooth category in [BX1]. We
leave the details to the reader.

LEMMA 3.1. Let M CCY be a generic real-analytic submanifold, p€ M, and m and r
be two positive integers with r<m. Let F be a subfield of C((M)), and consider a subspace
G of (F)™ over F of dimension r which is closed under the application of CR vector fields.
Then, the (m—r)-dimensional subspace Ann(G) can be generated by CR wvectors, i.e. there
exist F-linearly independent V1, ..., V™" (CR((M)))™N(F)™ satisfying

A'VZ::ZAkV,f:() forall AcG, 1<L<m—r.
k=1

In other words, Ann(G)CF™ is flat over CR((M)), that is,
Ann(G) =F(Ann(G)N(CR((M)))™).

The next result is the main technical proposition from [LM1], establishing conver-
gence of a formal map which satisfies a certain system of singular, partially formal,

equations on a generic manifold.

PROPOSITION 3.2. ([LM1, Proposition 3.1]) Let M CCY be a real-analytic generic
submanifold through a point pe M, and ©=(01,...,0On/) be a convergent power series
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mapping with components in C{z—p, 2—p, \,w}, where z€CY, weCN" and AeC™, with
N',N,m>1. Let H:(CN p)—=CN" and G:(CN,p)—C™ be formal holomorphic power
series mappings, vanishing at p, satisfying

—— 00

O(z,z,G(z),H(2))|m=0, and det%(z72,@7H(z)) Z0. (3.1)
M

If M is of finite type at p, then H is convergent.

Remark 3.3. It is well known that, for every real-analytic holomorphically non-
degenerate hypersurface M CC¥ (in the sense of [Sta]) and every p€M, the formal
self-equivalences H of (M, p) satisfy systems of equations of the form (3.1) (see, e.g.,
[Mirl]). The existence of such hypersurfaces (of infinite type) with divergent formal CR
equivalences (see [KS]) shows that Proposition 3.2 does not hold in general if the finite
type assumption is dropped.

3.2. The divergence rank
We equip C with coordinates z=(z1, ..., zx ), and CV’ with coordinates w= (w1, .oy WNY).
With respect to these coordinates, we decompose our map H into components

H(z) = (Hy(2), ..., Hn:(2)) € (C[lz—p])™ .

Let Ag be the set of all pairs (A, S) of power series such that A=A(z) € (C[[z—p]])™ for

some m and

S=5(z,z,\w)eC{z—p,z—p, \—A(p),w—H(p)}, (3.2)
where AeC™. For every (A, S)eAp, we set

§%:=5(2,2,A(2), H(2))|m € C[M]],
oS

Sp = %(z, z,A(z), H(2)) y eC([M], j=1,..,N’,
S =S85, Say,) e (€M™

We now consider the subring S (M) CC[[M]] consisting of those power series of the
form S for some (A, S)€Ay, and let KM denote the quotient field of Sy (M).

Finally, we denote by A% (M) the subset of Ay consisting of all pairs (A, S) satis-
fying S*=0, and define

rank A% (M) := dimg s span{S2: (A, S) e AY (M)},

where the dimension is computed over the field K, and where every S5 is considered
as a vector in (Sg(M))N c(KM)N',
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Definition 3.4. Let M and H be as above. We define the divergence rank of H by
divrky; H = N’ —rank A% (M).

The following result provides a link between the divergence rank of a formal map

and its divergence/convergence properties.

PROPOSITION 3.5. Let M CCY be a generic real-analytic submanifold, pe€ M and let
H: ((CN,p)—KCN/ be a formal holomorphic map. The following statements hold:

(a) divrkays H<d, where 6 is the number of divergent components of H;

(b) if M is of finite type at p, then divrkyr H=0 if and only if H is convergent.

Proof. In order to prove (a), note that, if H has ¢ components that are divergent,
say the last d ones, and Hy, ..., Hy/_s are all convergent, then we may set

Sz, w)=w;j—H;(z) e C{z—p,w—H(p)} for j=1,...,N'=§,

and see that each (0, S7)€ A% (M). Hence, rank A% (M)>N’—§, which proves (a).

In order to prove (b), it remains to check, due to (a), that if divrky, H=0 then H is
convergent. For this note that divrky, H=0 means that there exist Ae(C[[z—p]])™ (for
some integer m) and ©:=(S, ..., SN )e(C{z—p, z2—p, A\—A(p), w—H(p)})N" such that

O(z, z, m, H(2))|my=0 and det®,(z,z, A(iz), H(z))|m #£0.

Applying Proposition 3.2, we get that H is convergent. O

Remark 3.6. Note that, in Proposition 3.5, the inequality in (a) can be strict: In-
deed, if H=(H,, ..., Hy/), with H; divergent and Ha,..., Hy/ convergent, then, after a
change of coordinates leZl and Zj:Zj +7Z1, j =2, the map H has no convergent com-
ponents, but the divergence rank (being independent of the chosen coordinates) is still
at most 1.

There are also more interesting examples where a strict inequality may occur, such

3

as the following one: Consider the real-algebraic hypersurface M in C; ,, ..

given by
Im 2z3=|21 23|, and the formal holomorphic map H(zy, 22, 23)=(21"(*1) | z0e"(*1)  23),
where h(z1) is any formal divergent power series satisfying h(0)=0. As H(M)CM, one

can check that divrky; H=1, whereas H has two divergent components.

Remark 3.7. It follows from Remark 3.3 that there exists germs of real-analytic
hypersurfaces (M,p) in CV of infinite type and divergent formal holomorphic maps
H:(CY,p)—C¥ such that divrky; H=0. This shows that Proposition 3.5 (b) does not

hold in general when the finite type assumption is dropped.
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3.3. Construction of formal meromorphic vectors

We define the following vector subspace of (KX)N'.

VM=V =(Vi,..., V) € (RMN V.85 =0 for all (A, S) e AY (M)}

(3.3)
=Ann{S% : (A, S) e AY (M)},

where
N/
V-SS=> "V;Sq.
j=1

The following is the main result of this section.

PROPOSITION 3.8. Let MCCYN be a generic real-analytic submanifold, p€ M and

H: ((CN,p)—HCN/ be a formal holomorphic map. For A% (M), VM and divrky H defined
as above, we have

dimyesr Vi = divrkas H, (3.4)

and there exists a basis of VI that consists of { CR vectors in (K%)N/ which are linearly

independent over KM | with £:=divrky H.

Proof. From Definition 3.4, we can find (T, S1), ..., (T', Sn'—¢) €A% (M) such that

dimgy span{S] , :1<j < N'—}=N'—L.

Set
WH = {V=V1,.. V) € RN :V-SE =0 for all 1< <N £} DV

and note that dimg WH =t

Let (A, S)eA% (M). By the definition of ¢, the vector S2¢€(K¥)N" is KM-linearly
dependent over the vectors Sjliw, 1<j<N’—¢. This implies that WII‘{/[ ZV% , and hence
proves (3.4).

Next, we claim that, for any real-analytic CR vector field L near p, the dimension
of the space spanned by all the vectors ST and ESJl?w for 1<j<N'—/{ over KAH4 is still

Jyw
N’—/. Indeed, we first note that

LS}, :L(Sji (2,21 (2), H(z))) ‘M.
Since (T, S;) €AY (M) for every 1<j< N’ —/, for each 1<v< N’ we may write, using the

chain rule,

L<aSj (2,2, D(z), w)) = 29 (2,7,T(2),w)

ow,
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for some (I', 5;)€A% (M). Tt follows that the vectors LS}, coincide with g;w’ where
(I, S;)€AY (M) for all j. From our choice of (I',S;), 1<j<N’—/, the claim follows.
Hence, the K%—Vector subspace G spanned by the S;w, 1<j< N’ -/, is closed under the
application of CR vector fields. Applying Lemma 3.1 (with F=K}), we reach the desired

conclusion. 0

We still need some simple but useful remarks regarding notation for the rest of the
paper.
Given (A, S), (A, T)€ Ay such that (A, T)¢.AY (M), S2/T4 defines an element of
K} . We define in the natural way
S\ TASA_gATA
(T)': (T5)?

w

e (KN

The following is a fact regarding the space V¥ which we will use often; we are indeed

going to need it to give meaning to some evaluations of gradients of elements of K.

LEMMA 3.9. With the above notation, for all VeV and all (A,S), (A, T)eAy
such that (A, S)eAY (M) and (A, T)¢AY (M),
g\ g\A
V. (T)w = ; V; (T)wj =0.
Now, given n€K¥ | there exist (A, S), (A, T)e Ay, with (A, T)¢A% (M), such that
n=S%/T?. One would like to define 7,, as (S/T)%, but such a choice might depend on

the chosen representative. In fact, if (A, S), (A, T)e Ay are such that (A,T)gZAOH(M)
and n=S52 /T2 it is entirely possible that (S/T)2#(S/T)A. However, Lemma 3.9 shows

that, for every VeV, we have
S\ S\
v(3) -v(3) (35)

which shows that, even though 7,, is not well defined, V-7, is, by the expression on
either side of (3.5).

Finally, given a polynomial map
P(t,t)= Y P.pt*t’ e (K[t 1])°,
a,BeNk
t=(t1,...,tr), k,c=1, we define, for VeV
VPy(t.D) = Y V-Poput®t € (K} [t,T])°,
a,BENF

where we write Py g.p=(Pa.g)w-

We conclude with the following lemma.
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LEMMA 3.10. With the above notation, let

P(t,)= > P.pt*t’ e (KY[t,T])°, k,c>1.
«a,BeNk

Then, the following statements hold:
(i) if P(t,t)=0, then for every VeVM we have V- P, (t,t)=0;
(ii) if L is a CR vector field of M near p with real-analytic coefficients, then

(LP)(t,):= D (LPap)t*t € (Kif [t,7]),
a,BeNF

and, for any CR vector VeV we have

V(LP)y(t,f) = L(V-Py(t,1)). (3.6)

Proof. Part (i) is immediate. Part (ii) is a direct consequence of the following
observation. Given n€K}¥ and any CR vector VEV} the expression V-L(S/T)5 is
independent of the choice of representative n=(S/T)*, and the following identities hold:

_ _/ S\ _
L(V~nw):V-L(T> =V-(Ln)y- O
4. From formal meromorphic vectors to approximate

formal deformations: proof of Theorem 2.2

In this section, we will prove Theorem 2.2, that is, we will construct, for any divergent
formal CR map, approximate formal deformations of any order. In a first step, we are
going to use the formal meromorphic vectors introduced in the previous section to build
formal deformations of a special type, i.e. formal deformations with formal meromorphic

coefficients (Theorem 4.1 below).

4.1. Construction of a special type of formal deformations for maps

of divergence rank >1

THEOREM 4.1. Let MCCY be a generic real-analytic submanifold, let p€ M and
assume that N,N'>2. Let H: ((CN7p)%(CN/ be a formal holomorphic map with r=
divtkyr HE{1,...,N'}, and let V=(V, .., V") be a basis, containing only CR vectors,
of VM over K¥ as given in Proposition 3.8. For t=(t,...,t,)€C" set t-V=3""_ t;V".
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We inductively define, for every {€Z., a homogeneous polynomial map of degree £ in
(KMN as follows:

DY(t):=t-V, D*'(t)= H%(tV)oDﬁ,(t), (4.1)
and set -
D(t)=Y_ D*(t) e Ky [
=1

Then, the following statements hold:
() DOe(CRONINY: -
(ii) of oeC{w—H(p),w—H(p)} satisfies o(H(z), H(z))|ar=0, then

o(H+D(t), H+D(t)) =0 in C((M))][t, ?])-

Proof. The fact that the polynomial maps D(t) are homogeneous of degree £ with
coefficients in K is clear from the given construction. The proof of Theorem 4.1 is
based on three main ingredients: the properties of the space V¥ previously described
in §3.3, the chain rule, and the crucial property stating that, for every i=1,...,7, the
components of V? still belong to K/ a property following from the fact that the V%’s
are CR vectors.

To prove (i), we need to check that Df(t)e(CR((M))[t])N" for every £>1, which
we will prove by induction on ¢. For ¢=1, this follows from the fact that V is a set
of 7 CR vectors in C((M)). Assume now that D’(t)e(CR(M))[]))N" for some ¢, that
is, for every real-analytic CR vector field L near p, we have (LD®)(t)=0 in (K} [t])N".
From the definition of V& and Lemma 3.9, we have V- (LD*),,(t)=0 for 1<i<r. Using
Lemma 3.10 (ii), we obtain

0=V"(LD"),(t)=L(V' - Di,(t)), 1<i<r

’

This proves V- DY (t)e (CR((M))[t])N for every 4, and therefore D1 (t) e (CR((M))[t])™',
too. This completes the proof of (i).
It remains to prove (ii). To this aim, we need the following lemma.
LEMMA 4.2. Let o, H and D be as in Theorem 4.1. Write
T R (1, 1)
olt+ D0, A1) = 3 T ecan)ia) (12)
G k€L o

where each RI* is homogeneous of degree j in t, and of degree k in t. Then, for any

J,kEZ,, there exists a universal polynomial U; 1 in all its arguments such that

RIF(t, 1) =Uj k ((Qwﬁwv (H,H))51<j, (0'D"(1))e<;s (SIDT(t))sgk) . (4.3)

lvI<k
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Furthermore, for j,k€Z. , writing

Use =Us e (M) 1o X oo X3 Vi Vi )

vI<k

where Ag, €C and Xi,YmE(CN/, we have

=> i+ )!aab;?k ((gwﬁmu (H, H))mgi? (0D (1)) e<j, (SID*(t))s< ) - D T(E)
i=1 g v|<

oA
yi<i M IvI<k

(Qwsar (H, H))jg1<js ((D*(8))e<; (S!Ds(t))sslc)
[pl<k b2k

X Dl(t) . (Quﬂm“( ) H))w

Proof. The proof is a consequence of the chain rule. The details are as follows.
In what follows, we write D(¢t)=(D1(t), ..., Dn/(t)) and D(t)=H+ D(t). Consider,
for AeC,

j7k - — _
B(t.5.03) = o000, D00) = Y vk ecane i)
G k€L, o

and hence, for every j, k€Z.,
RIF(t,8) =®,,5x(,1,0,0). (4.5)
Fix j and k. By the chain rule, there exists a universal polynomial of its arguments U; j
such that
Pk (t, 1, A, A)
= Uy ((@wse (DO, DO 1< (K (DO 1ess (3 (DI 1o )-

lv|<k

(4.6)

Setting A=0 in (4.6) and using (4.5) yields (4.3). Now, differentiating (4.6) with respect
to A yields that

(I)/\j+1§\k (t, t_, )\7 5\)

S (euwsuyprs GADOOrcrss. (3D 1<ecr) - 057 (D(A))

lv|<k
(4.7)

~ ((ewsm) 1< (O (D))o (3 (DOND)) i)

vop lv|<k
[u|<k N’

x Z Owrwir ON(Dim (At)),

m=1
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where in (4.7) we write 9,840 (r€Sp. Quwvw,, an) for 0wsgy (H+D(At), H+D(At)) (resp.
Owrw,wr (H+D(At), H+D(At))). Setting A=0 in (4.7) and using that

X (D(At))[a=0 = (1D (1)

for every integer ¢ yields (4.4). This completes the proof of the lemma. O

We can now continue the proof of Theorem 4.1 (ii). We will show that R7*(t,#)=0,
by induction on e=k+j, where we recall that R7*(¢,#) is given in (4.2). First, note that
RYO(t,t)=0(H, H)|py=0. Hence, let e€Z, and let us assume that R/"*(t,)=0 for all
j+k<e and prove that RItLF(t £)=R7*+1(t, 1)=0 for all j and k such that j+k<e.

By Lemma 4.2, there exists a universal polynomial {;; in all its arguments such
that

0= RIF(t,0) =Uj 1 ((gww (H, H))l‘ﬁl‘ii, (0D (1)) o<, (s!DT(t))S@). (4.8)

Note that CR((M))CK2Y. Because each D’(t) lies at the same time in (K2 [t])N" and in
(CR((M)[1)N', we have R7*(t,)eKM[t,]. Hence, (4.8) together with Lemma 3.10 (i)
implies that

DY(t)-Rik(t,8) = (t-V)-RI*(t,£) = 0. (4.9)

In view of (4.8) and using (4.1), we have

Hence, using (4.4) in Lemma 4.2, we obtain that

D(t)-REF(t, 1) = RITVE (¢ 7).
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Using (4.9), we get that Rt (¢, £)=0 for j+k<e. In order to prove that R +1(¢,#)=0

for j+k<e, it suffices to observe the following. Consider the power series

peC{w—H(p),w—H(p)}
given by ¢(w, @w)=p(w, @). Then, p(H, H)|5;=0, and one has

S™n (L, 1)

Q(H+D(t), H+D(t))= > —

m,nely

e C(M))it, ],

where S™"(t,t) is homogeneous of degree m in ¢ and of degree n in ¢, and where
Smn(t, £)=R""(t,t). Since R7"*(t,1)=0 for j+k<e, we also have S¥7(t,£)=0 for all such
k and j. The first part of the proof, applied to ¢ and the S¥7, shows that S¥*+17(¢,#)=0,
and it follows that R7***1(¢,f)= for all j and k such that j+k<e. This completes the
induction step in the proof of (ii), and therefore the proof of Theorem 4.1. O

4.2. Proof of Theorem 2.2

Since M is of finite type and H is divergent, it follows from Proposition 3.5 (b) that
ri=divrky He{1,...,N'}. Let D(t) be given by Theorem 4.1. Let M’'CCN" be a real-
analytic set through H(p) such that H(M)CM’'. Let also pcC{w—H (p),w—H(p)} be
any real-analytic function defined near H(p), vanishing on M'. As o(H(z), H(2))|pm =0,

we get from Theorem 4.1 that

o(H+D(t),H+D(t))=0 in C((M))[[t,t]]- (4.11)

Fix k€Z,. As each coefficient of each component of D(¢) is in CR((M)), there exists a
non-zero power series gx(z) €C|[[2]] and power series maps N, =N, (z)€(C[[z])N, yeNN,
1<|y|<k, such that

k
004y — Ny(2)|
;D (t)_lngy:gk el
Hence, setting
k
BH e )= HE+ Y. D) = HE)+ Y No(a)lan(a) e,
=1 1<k

we have that B¥(z,t)e(C|[z,¢]])N" and B*(z,0)=H(z), and it follows from (4.11) that

o(B"(z,1), B"(z, 1)) zens = O(It/**).
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Observe that B* depends only on H and M (and not on M’). Finally, note that, since
DY(t)=t-V, where V=(V! ..., V") is of rank r (over C((M))), it follows from the above

construction that the rank of
oB*
T
over C((z)) is also equal to r. Hence, B¥ is a k-approximate formal holomorphic defor-
mation for (M, M') satisfying B*(z,0)=H(z). This completes the proof of the theorem.

5. Proofs of Corollaries 2.3 and 2.4

In order to prove Corollary 2.3 (and hence Corollaries 2.4 and 2.5 and Theorem 1.1),
we need to relate the conclusion given in Theorem 2.2 to some geometric properties
of the target real-analytic set M’. Roughly speaking, Theorem 2.2 provides, for any
formal divergent map H:(M,p)—M’, a real-analytic CR family (over M) of formal
holomorphic subvarieties tangent to M’ along the formal “image” of H (along M), up
to any prescribed order. From such a family, we essentially wish to conclude, if possible,
the existence of a real-analytic CR family (over M) of holomorphic complex-analytic
subvarieties entirely contained in M’ and closely related to the original formal map H.
One possible conclusion one could expect was already mentioned in Conjecture 2.12,
but seems out to reach to the authors for the moment. Instead, we will be able to
conclude from Theorem 2.2 the statement given in Corollary 2.3 regarding the existence
of suitable families of complex-analytic subvarieties in M’, but with no information on
the dependence of the subvarieties on the parameter. Our main tool will be a parameter

version of an approximation theorem due to Hickel-Rond [HR].

5.1. Strong approximation and Hickel-Rond’s theorem with parameters

We start by recalling the following theorem of Hickel-Rond [HR] providing a stronger

version of an older result due to Milman [Mil].

THEOREM 5.1. ([HR]) Let Ry, ..., R, €C{t,t,(, (}, where t€C™ and (€C"3. Then,
there exists a function £:N—N such that the following holds: If S(t)e(C{t})" satisfies
S(0)=0 and

Rj(t7 t, S(t), S@) = O(|t|£(k)+1)= Jj=1...,m,

for some keN, then there exists S(t)e(C{t})™ such that

Ry(t,8.5(1).5(6)=0, j=1,...m,

and S(t)—S(t)=0(|t|F+1).
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Such kind of statements are usually known in the literature around Artin’s approx-
imation theorem as of “strong approximation” type (see [W], the extensive survey by
Rond on this matter [Ron], and the survey by Hauser [H]). Very closely related problems
in the CR setting are also fully discussed in the second author’s survey [Mir3].

We will need the following parameter version of Theorem 5.1, which follows from an

inspection of its proof.

THEOREM 5.2. Let Ry,..., Rpm€C{u—q,u—q,t,t,(, ¢}, where ueC™, teC"2, (€
C"s and qeC™ s fized. Then, there exist an open neighbourhood V of q in C™ and
a function £:N—N such that the following holds: For every ueV, if S(t)e(C{t})"s
satisfies S(0)=0 and

R](U,Thl‘,‘,ﬂS@),%):O(‘t|£(k)+1)7 jzlv"'7m7

for some keN, then there exists S(t)e(C{t})™ such that

R](u,ﬂ7t,£5(t),§(t)):07 jzla"'amv

and S(t)—S(t)=0(|t|*1).

Proof. The arguments provided here are due to Guillaume Rond. By [HR], there
exist a neighbourhood w of ¢ in C™ and, for u€w, a function £,:N—N such that the
statement of Theorem 5.2 holds, with £ replaced by L,. In order to prove the theorem,
one only needs to check that there exists a neighbourhood V Cw of ¢ in C™ such that the
map V3u—L,(k) is bounded for every integer k. This can be proved by repeating the
proof given in [HR], based on the theory of ultraproducts developed by Denef-Lipschitz
[DL]. The boundedness of £, (k), for ueV and k€Z,, can be obtained by following step
by step the arguments of [DL, p.26 and Theorem 8.2], as long as the neighbourhood
V cC™ ~R?™ is chosen in such a way that the ring of functions that are real-analytic
in a neighbourhood of V' is Noetherian. According to [Fri, Theorem 1.9], such a choice

is possible by taking V to be, e.g., a polydisc. The proof is complete. O

5.2. Proof of Corollary 2.3
Let (M, M’, H) be as in Corollary 2.3. We may choose a real-analytic function
0= o(w,w) eR{w—H(p), w—H(p)}

so that the zero-set of g coincides with M’ near H(p). For

R(u,@,¢,C) = o(u+¢,a+C) € Clu—H(p),a—H(p), (. C, u,(eCN,
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let V be a neighbourhood of H(p) in CN', and £ be given by applying Theorem 5.2 to R.
We may assume, without loss of generality, that £(1)>1. By Theorem 2.2, there exists
re{l,...,N'} and a formal holomorphic map B: (CN xC", (p,0))—C"" such that B is an

L(1)-approximate formal deformation of H, i.e. such that
o(B(z,t), B(2,0))|zens = O(t| 1), (5.1)
We may write, without loss of generality,

B(z,t)=Bo(2)+ > By(2)t", Bo(z)=H(2).
yENN
IS vI<£L(D)
Furthermore, since (9B/0t)(z,0) is of rank r, the same is true for (0B/0t)(z,0)|as.
Hence, the matrix of formal power series (90B/0t)(z,0)|y possesses an r X1 minor that
is not zero; we denote the order of vanishing of this minor by myeN.
Observe now that (5.1) is equivalent to

U ((By(2))1<y1<2(1)s (By(2)1<pv1<201): Bo(2), Bo(2) )|zem =0, (5.2)

where ¥ is a certain C%-valued mapping (for some integer §) whose components are in

the ring

Clw—H(p), w—H(p) H(Ay)1<py1<e)s (Ay)igiv<e)s

with each A, eCV " By Artin’s approximation theorem [A], there exists, for every positive

integer k and every yENY with |y|<L(1), a convergent power series map
B'I\j(zv 2) € ((C{Z_pv E_ﬁ})N )

such that B\fj (2,Z)|m agrees with B (2)|ar up to order k at p, and such that

v ((B’;(z, 2D gi<ea)s (By (2, 2)hgpi<e), B (2, 2), BY (2, 2) ) )M =0. (5.3)

Hence, setting

SH(zz )= > Bz a0,
yENN
1< yI<L(D)

we get, for every positive integer k,

R(Eé“(z,é), E(’)“(z, zZ), Sk(z7 z,t), S’k(z7 E,t))

zeM (54)

::Q(Eé(z,i}—ksk(z,z, t),§5(3,5)+5k(z72’ t)) y — O([t|FW+1),
ze
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As R’; (p,p)=H (p), we may choose a neighbourhood Uy, of p in CV such that MNUy is
connected and §§ (MNUy,)CV. Hence, from the choice of V' and £, Theorem 5.2 and
(5.4), we get that, for every z& MNUy, there exists S(t)e(C{t})N" such that

=0, (5.5)

Ski o Sk BRI o SR
Q(BO(ZvZ)+Sz(t)7BO(Z’Z)+Sz(t)) zeMNUy

satisfying in addition S¥(0)=0 and

oSk sk

Now, observe that, if we set hy, ::E(’f, then hy is a real-analytic map that sends, according

to (5.5) (for t=0), MNUy, into M’. Furthermore, hi|rpnu, agrees with H|ps at p up to

order k. Hence, one can find, shrinking U}, if necessary, a real-analytic map U —CN /

that agrees with H up to order k at p and that coincides with hy on M NUy. Calling still

this new map hy, we see that the proof of part (a) of Corollary 2.3 is now complete.
Regarding part (b), recall that

oSk sk
5 (0)= W(Z’Z’ 0) for ze MNU
and that N
05 50  and 220
ot M ot seM

agree up to order k at p. Hence from our above choice of my, it follows that, for k>mg+1,
(0S*/0t)(2,2,0)|ps is of rank 7. This implies that there is a Zariski open subset Qj, of
MNUy, such the rank of (355/60 (0) is equal to r for every z€€Qy. For all such z’s, (5.5)
shows that the r-dimensional complex submanifold parameterized by t+—hy(z, 2)+S k(t)
passing through hy(z,z) is entirely contained in M’ and, therefore, that hy(z,z)€&%,,
which completes the proof of (b).

Finally, to conclude that hj,(MNUy)CEpnp, it suffices to note that €}, CEp, and
then invoke the closedness of the set £y (see [D2] and [D3]).

5.3. Proof of Corollary 2.4

This is a direct and simple consequence of Corollary 2.3. Indeed, let (hy)ren be given by
that corollary. From (a), we conclude that there exists an integer kg such that the generic
rank of Ay, |vnv,, is at least Rk H|y (where we assumed, without loss of generality,
that MNUy, is connected). The conclusion of Corollary 2.4 then follows from applying

Corollary 2.3 to hg, and using the rank theorem.
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6. On k-approximate formal deformations with k=1, 2;

proofs of Corollaries 2.6—2.8

In this last section, we discuss the notion of k-approximate formal deformations, for k=
1,2, and provide some existence/non-existence results for such objects in some important

circumstances. This will allow us to derive Corollaries 2.6-2.8.

6.1. 1-approximate formal deformations

We have the following easy characterization of formal CR maps admitting 1-approximate

formal deformations.

PROPOSITION 6.1. Let M CCY and M'cCN’ be generic real-analytic submanifolds,
with N, N'>2, and let pc M. Let H: (Cf,p)%@ﬁl be a formal holomorphic map with
H(M)CM'. Then, H admits a 1-approximate formal deformation if and only if there

exists a non-zero formal holomorphic vector field

N
X(z) :ZXj(z) 8180]-’ Xi(z)eCllz—pll, j=1,...,N, (6.1)

tangent to M’ along H(M).

Proof. Choose 0=(01, ..., 04) € (R{w—H(p),@—H(p) })* such that M’ is given by
the zero-set of g near H(p) with do1A...ADp47#0 near H(p), where d=codimg M".
Note that H admits a 1-approximate formal deformation if and only if there exists

a non-zero formal holomorphic map X: (CV, p)—C¥ " such that
o(H(2)+tX (2), H(2) +tX (2))|.em = O(|t]*), teC. (6.2)

Since H(M)CM', (6.2) is equivalent to say that the formal holomorphic vector field
N’ P
X(z)=>» X(z)—
= X5,

is tangent to M’ along H(M). This completes the proof of the proposition. O
From Proposition 6.1, we easily get the following.

PROPOSITION 6.2. Let M and M’ be generic real-analytic submanifolds in CN | with
N=>2, and let pe M. Let H: (CV p)—CN be a formal holomorphic map with H(M)C M’
satisfying Rk H=N. Then, H admits a 1-approximate formal deformation if and only
if M is holomorphically degenerate at p.
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Proof. First recall that M is holomorphically degenerate at p if and only if there
exists a non-zero formal holomorphic vector field with coefficients in C[[z—p]] that is
tangent to M (see [BER3] for more details). Let Jg(z) be the Jacobian matrix of the
formal map H and denote by C(2)=(C;;(z))1<i j<n the classical adjoint of Jy(2)T .
Then, the reader can easily check that, if

N
X= Z X3z 84

Jj=1

is a formal holomorphic vector field at p tangent to M, then the formal holomorphic

vector field
N
= X(H) =3 X (H

is tangent to M’ along H(M). Conversely, if

al )
Y:ZYj(z)éTuj

Jj=1

is a formal holomorphic vector field at p tangent to M’ along H(M), then the formal

holomorphic vector at p
N N
HRACLACEL
j=1v=1 J

is tangent to M.
Using this, the fact that detC(z)#0 (since H is of rank N) and Proposition 6.1, we

reach the desired conclusion. O

Proposition 6.2 together with Theorem 2.2 then immediately imply Corollary 2.6.

6.2. 2-approximate formal deformations in the Levi-non-degenerate case

We first start with the following easy fact mentioned in §2.1. Recall that a generic
submanifold in C¥ is called strongly pseudoconvez if it is locally contained in a strongly

pseudoconvex real hypersurface.

PROPOSITION 6.3. Let M and M’ be generic real-analytic submanifolds in CN and
CN', respectively, with N,N'>2, and let pe M. Let H: (CN,p)—CN be a formal holo-
morphic map with H(M)CM'. If M’ is strongly pseudoconvez, then H does not admit

any 2-approximate formal deformation.
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Proof. We first note that, if we prove the proposition when M’ is a hypersurface,
then the general case follows by definition. Hence, we assume that M’ cCN’ is a strongly
pseudoconvex hypersurface passing through H(p) with H(M)CM'. Without loss of
generality, we may assume that p=0 and H(p)=0. We can choose a real-analytic defining
function r(w, @) of M’ near 0 such that the complex Hessian of r is positive definite on

TSM'. Let us assume that there is a 2-approximate formal deformation
B: (CN xC,0) — (CV',0)
for H. This means that we have
r(B(z,1), B(z,1))]zen = O(It]). (6.3)

Differentiating (6.3) with respect to ¢ and ¢ and then evaluating at =0, we get

0¢B(z,0) 1wz (H(2), H(2)) 0:B(z,0)|p =0. (6.4)

From our choice of r, equality (6.4) implies that 9;B(z,0)=0 for ze M (see [LMI,
Lemma 6.1]), and hence that 9;B(z,0)=0 in C[[z]], since M is generic. This contradicts
the fact that B is an approximate formal deformation. The proof of the proposition is

complete. O

The situation regarding the existence of 2-approximate formal deformations for CR
transversal maps between Levi-non-degenerate hypersurfaces is somewhat more interest-
ing than the strongly pseudoconvex case. In that case, the existence of 2-approximate
formal deformations is related to the signature and cosignature of the hypersurfaces. We

will prove the following.

PROPOSITION 6.4. Let MCCN and M'CCN' be (connected) real-analytic Levi-non-
degenerate hypersurfaces, of signature £ and ¢', respectively, with N,N'>2. Let pe M
and let H: (M,p)— M’ be a formal holomorphic CR transversal mapping. If H admits a
2-approzimate formal deformation, then M and M' have different signatures (i.e. £'#L)
and different cosignatures (i.e. N'—0'£N—1).

Remark 6.5. We remark that Proposition 6.4 is optimal in the following sense.
Given Nand N’, and signatures ¢ and ¢ (satisfying (<3(N—1), £/’<$(N'—1)), we say
that (¢,¢') is an admissible pair of signatures if either ¢'>¢ and N'—1—¢'>N—-1—/, or
U'2N—-1—(. It is well known (see, e.g., [BH] and [BEH]) that formal CR transversal
mappings do not exist if (£,¢') is not admissible. The following is therefore a converse
to Proposition 6.4. For any set of admissible signatures (¢,¢') which satisfy ¢'#¢ and

N'—{0'#£N —/{, there exist explicit examples of germs of real-analytic Levi-non-degenerate
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hypersurfaces M cCY and M’'cCV " with these signatures and a convergent formal CR
transversal map between M and M’ admitting a 2-approximate formal deformation (in
fact, even a holomorphic deformation). Indeed, to see that, one easily checks that, in the
above described setting, we necessarily have £'>¢ and N’ —¢' >N —{. Choose now for M
the hyperquadric in CY with ¢ positive eigenvalues, and for M’ the hyperquadric in CY l

with ¢ positive eigenvalues, i.e.

12 a2
M:Im z,11 = |Z|"=2II",

M':Tm wy i = @] = @),

where we write N=n+1, N'=n'+1, 2=(Z, 2, 2p41) EC xC"* xC, w=(w, W, wp41)€E
CY xC" ¥ xC and H2H2221§j§€ |zj|?, and analogously for the other norm quantities
involved. Then, the convergent CR transversal holomorphic map w=H(z) sending M
into M’ given by w,+1=2p41 and w=(2,0), w=(2,0) admits the holomorphic deforma-
tion B(z,t)=(Z,t,0,2,¢,0, z,41), teC.

Remark 6.6. As an immediate consequence of Remark 6.5, it follows that the condi-
tion on the signatures in Corollary 2.7 is optimal. Indeed, from the previous remark, we
get that, for any set of admissible signatures (¢, ¢') which satisfy ¢/#£¢ and N’ —¢'#£N —¢,
there exist explicit examples of germs of real-analytic Levi-non-degenerate hypersurfaces
McCN and M’cCN’ with these signatures and having divergent formal CR transversal

mappings.

Proposition 6.4 will be a consequence of the following result, whose proof is in part
inspired by that of [Mir4, Proposition 3.1].

LEMMA 6.7. Let M CCY and M’CC{I\,’/ be real-analytic Levi-non-degenerate hyper-
surfaces passing through the origin, with N'>N>2. Write N=n+1 and N'=n'+1, and
assume that M and M’ are given by local real-defining functions o and o' near the origin
as follows:

e n
o(z,2):=Tmzupa+y_ [z5P= D |5 +0( =)

i—1 i—et1
~ — (6.5)

n

e
o (w,w): =Imwp 1+ |JwiP= > |wP+0(|w]?),
=1 j=e'+1
where 1<e<n and 1<e’'<n’. Let H: (M,0)—(M’,0) be a formal CR transversal holo-

morphic map such that
aI—I’rz’Jrl

Donir (0)>o0.

If H admits a 2-approzimate formal deformation, then 0<e'—e<N’'—N.
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Proof. By [BH, pp.385-387], we have N'>N, e'>e, n’—e’>n—e and there exist
local holomorphic coordinates z* in C™'*1 such that M’ is given near the origin in these
new coordinates by the vanishing of a real-analytic function o*(2*, z*) of the form

/

e n n+e’ —e n
oF ("2 =Tmz + Y (21— Y 5P+ Y 5P Y FPHRET ),
j=1 j=e+1 j=n+1 j=n+1l+e’'—e

where R(z*, 2*)=0(|z*|3). Furthermore, in such coordinates, we may write H=(f, p, g)€

C"xC™ =" x C, where the formal map H satisfies the following normalization conditions

(f(2),9(2) =2+ 0(|2]*),  @(2)=0(|z). (6.6)

By assumption, H admits a 2-approximate formal deformation B: (CN xC",0)— ((CNl, 0).
Without loss of generality, we may assume that r=1. We write

B(Z’ t) = (f(za t)7 SO(Z, t), g(z’ t)) cCn ch'—n xC,
so that f(z,0)=f(2), ¢(2,0)=w(z) and g(z,0)=g(z). We also write

f(z?t):(fl(z7t)7“'7fn(z7t)) and (p(Z,t):(<pn+1(z,t),...,(pn/(Z,t)).

It will be convenient to view the power series maps B(z,t) and H(z) as power series
restricted to M x C. Hence, we may use =21, ..., Zn, 21, ---, Zn, Re z,41) ER?"*1 as local
coordinates for M near 0, and write B(z,t) and H(x) for the corresponding restricted
power series. We also choose a basis of real-analytic CR vector fields (f/ )igjgn for M
near 0 represented in the above chosen = coordinates. In addition, we write B’(z,t) for
0B/0t(x,t), as well as for all its components. We define Zn, i(, and ff#, to be the
ideals in C[[z]] generated by the components of B'(z,0), ¢'(x,0) and (f'(x,0), ¢ (x,0)),
respectively. The ideal m denotes the usual maximal ideal of C[[z]].

Since B is 2-approximate deformation, we have the power series identity, in C[[z, ¢,t]],

n-‘re'—e
Imgxt+Z|met Z |fi (2, 0+ Z i, (z, )2
j=e+1 j=n+1 (67)
- Y les@ )P +R(B(x,t), B(w, 8)) = O(|t*).
j=n+1l+e’'—e
Differentiating (6.7) with respect to t yields
1 n-‘re/—e
59 xt+Zf (z,t) fi(z,t)— Z fi (z,t) fi(z, t)+ Z @ (x, )i, t)
j=e+1 j=n+1 (68)

n

- > %(l‘t)%(xtH {R(( t), B(x,1))} = O(|t]*).

j=n+1l+e'—e
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Evaluating (6.8) at t=0 yields the following identity in C[[x]]:

n+e'—e

x()—!—ijxijxO Z £@,0)f5(@,0)+ > @(x,0)p;(x,0)

Jj=e+1 Jj=n+1

2
(6.9)

’
n

- Y E@05E o RB, B D)

j=n+1l+e’'—e

=0.
t=0

Since R(z*,z*)=0(|z*|%), 5
5 LR(B(w,1), Bz, 1)}

t=0

clearly belongs to the product ideal MZy. Hence, from (6.9), we conclude that ¢/(z,0)
belongs to the ideal tﬁff,w and thus fH :ff#,. Next, applying the CR vector fields L,

o0 (6.8) for k=1, ...,n, and evaluating at t=0, we obtain

n n+e —e

S0 L@ 00— Y £ 0 L@ 0+ Y (0 Lig; (2,0)
j=1 j=e+1 j=n+1

(6.10)

’
n

- > ‘P;(xvo)f/k@j(xy0)+Ek%{R(B($,t),B(T7t))}

j=n+1l+e’'—e

=0.
t=0

Again, since R(z*, 2*)=0(|z*|?), the last term of (6.10) belongs to the ideal ﬁfH:ﬁff,w.
Using the fact ¢(2)=0(|z|?) from (6.6), we conclude from (6.10) that, for k=1,...,n

n

> F(@,0)Lefi(@,0)— > fj(@,0)Lif(2,0) € MLy, (6.11)
j=1

j=e+1
We recall that
(f(2),9(2)) = 2+0(|2[*)
by (6.6), which implies that the matrix (L f;(0));x is invertible, and therefore, (6.11)
shows that f/(z, O)Etﬁf@ for j=1,...,n. Note that this latter statement also implies that

g (z, O)Etﬁf@, since we already know that ¢'(z, O)Efo’w.
Differentiating (6.8) with respect to ¢ and evaluating at t=0, we get

n+elfe
Zlf z,0)] Z 0P+ > 1)@, 0)
j=e+1 j=n+1

(6.12)

’
n

— Y @0 5 (RBE 0, B D) =0

j=n+1l+e’'—e t=0
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~

Since each fj’(az, 0) belongs to mZ,, we see that we may write

8 [
ﬁ{R(B(x’ t)v B(x7 t))} 0 = ]Zk: A]k(.r)@; (l‘, 0)@2(1‘7 O)’ (613)

t

where each Aji(z)em. Recall now that, since B is an approximate formal deformation,
we necessarily have B'(z,0)#0. As each f}(x,0) and ¢'(x, 0) belong to ﬁiﬁa, there exists
me{n+1,...,n'} such that ¢/, (z,0)#0. There exists therefore 0<¢<+o00 such that,
for each n+1<j<n', one may write the homogeneous expansion ¢’ (z, O):Zy>e 0;.(z),
where 6; o(z)#0 for some j. Comparing the homogeneous terms of degree 2¢ in (6.12)
and using (6.13), we obtain

’

’I’L+€/7€ n
Yoo lbe@P= > b)) =0. (6.14)
j=n+1 j=n+1l+e'—e

Equality (6.14) implies that we necessarily have ¢/ —e>0 and e’ —e<n’—n=N'—N. The

proof of Lemma 6.7 is complete. O

Proof of Proposition 6.4. We may assume that p=0 and H(p)=0. One may find
local holomorphic coordinates z€CN and 2’ eCN " such that the germs at 0 of M and
M’ are respectively given by the vanishing of real-analytic functions ¢ and ¢’ as given
by (6.5), with e=¢ and e’=¢'. As is well known, 0H,,41/0zp+1 is real-valued (see, e.g.,
[BH]). We have to distinguish the following two situations.

e OH,141/02zp+1>0. Then, it follows from Lemma 6.7 that ¢’ —¢¢{0, N'—N}.

e OH,/11/02,4+1<0. Then, by making the new change of coordinates

2 (21, ooy Zny —Znt1),

we are back to the situation where we can apply Lemma 6.7 with e=N—1—/ and e'=¢".
Hence, in this setting, we get that 0<¢'—(N—-1—¢)<N’'—N. We leave it to the reader
to check that these last inequalities prevent ¢ —¢ to be equal to 0 and N'—N, as the
signatures ¢ and ¢ must satisfy the inequalites /<1(N—1) and ¢'<%(N'—1). The proof
of Proposition 6.4 is therefore complete. O

Corollary 2.7 now follows immediately from Theorem 2.2 and Proposition 6.4.

6.3. 2-approximate formal deformations into the tube over the light cone

The following result describes precisely the formal maps valued into the tube over the

light cone that admit a 2-approximate formal deformation.
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PROPOSITION 6.8. Let M CCN be a generic real-analytic submanifold in CN, of
finite type at pe M, and TN cCN' be the tube over the light cone given by (2.1), with
N,N'>2. If the formal holomorphic map H: (M, p)—>']I‘N/ admits a 2-approximate for-
mal deformation, then there exist a formal holomorphic power series u(z)eC[[z—p]| and
a;,n; R, 1<j<N'—1, with Z;V:/II a?zl, such that

H(z) = (arp(2) +in1, .., anr—ap(2) +inne -1, u(2)). (6.15)

We note that Proposition 6.8 immediately implies, together with Theorem 2.2 the

following result.

COROLLARY 6.9. Let M CCN be a generic real-analytic submanifold in CN, of finite
type at peM, and TN cCN' be the tube over the light cone, with N,N'>2. Then
any divergent formal holomorphic map H: (M,p)—TN' is of the form (6.15), for some

divergent formal power series .

From Corollary 6.9, we immediately get Corollary 2.8. The proof of Proposition 6.8

is mainly an adaptation of the arguments of the proof of [Mir4, Lemma 2.3].

Proof of Proposition 6.8. Let B(z,t) be a 2-approximate formal deformation for
(M, M’ ,H), with t€C". Without loss of generality, we may assume that r=1. We

write
2 .
B(z,t)=(B'(z,1),... BN (1)), B“(z,t)=>» By(z)t, v=1,..,N".
=0

We have
N’ —1

(Re BN (2,0))2= Y (Re B¥(2,1))2+0([t]*), z€M. (6.16)
k=1

The zero-, first- and second-order terms with respect to (¢,%) in (6.16) give the following
system of equations, valid for z€ M:
(Re B (2))? = 3 (Re B (2))*,
(Re BY')BY'(2) = Z3 ! (Re BY(2)) BE(2), (6.17)
4 N’ —1
1B (2)* =251 [Bi(2)
Since B(z,t) is a formal deformation, in view of the last equation of (6.17), we must have

BN'(2)20 for ze M. Furthermore, we may assume that

Re BY' (2)|.en 20. (6.18)
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Indeed, if not, then we see from the first equation of (6.17) that this implies that the
restriction to M of every formal holomorphic power series Bj(z) is purely imaginary.
Since M is of finite type, by [JLM], each Bf(z), v=1,..., N’, must be a purely imaginary
constant. Then, it is not difficult to see that the map H is of the form (6.15), since
H=(BL,...,BY"). Hence, in what follows we may assume that (6.18) holds.

With this assumption, we can consider the set of equations
N'—1 N'—1
(Re Bj(2))? 1=y (Re Bf(2)) Bf(z) 1=y

1= ReBY P ReBY) BY ()’

= Bi(z) BE(2)

BY'(z) B (2)

(6.19)

k=1 k=1

in C((M)). It follows that

N'—1
(ReBf(2)) _ Br(z) \( (ReBf(2))  Bf(2)
2 ((ReBéV’(Z)) B?'(Z))((ReBév'(Z)) BY'(2

))zo in C(M)).  (6.20)

k=1

In other words, the power series

#*(2,2) = (Re Bj(2)) B (2)B" (2)— B} (2)B" (2)(Re B} (2)) € C[[M]

for k=1, ..., N'—1, satisfy Zg;;l lo* (2, 2)|?=0, and hence ©*(z, 2)=0, for k=1, ..., N'—1
and ze M. It follows that

ReB}  ReBY '\ (B} BN
ReBé\]/u"'a ReB(J)V/ - B{V/?"'? B{V/ .

Hence, each of the ratios BY (z)/BN (z), for v=1, ..., N'—1, is real-valued when restricted
to M. By [JLM], the latter ratios must be real constants, that we denote by «,, satisfying,
in view of the last equation of (6.17), 33, <y ap=1. Furthermore, this also yields
that, for v=1,..., N'—1,

Re(Bg(Z)_al/BéV,(z))‘zel\/[ =0.
Again by [JLM], this implies that there exist 7, €R, v=1, ..., N'—1, such that
By ()= BY (2) =iy,

Noticing that H=(B}, ..., BY') and setting u(z):=BY (z), we have reached the desired

conclusion. 0
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