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Given two smooth real hypersurfaces M,M ′ in C
N and a smooth CR mapping

f :M →M ′, it is often of fundamental importance to know whether f is CR-transversal

at a given point p ∈ M , that is, whether the normal derivative of the normal compo-

nent of f at p is non-vanishing. This question naturally arises from regularity or

unique continuation problems for local CR mappings between smooth or real-analytic

hypersurfaces in complex space (see e.g. the works [1–8]).

In this note, we prove several new transversality results for CR mappings between

real hypersurfaces in complex space. Our considerations being purely formal, we for-

mulate our results in the context of formal CR maps between formal real hypersurfaces.

Two opposite situations are tackled in this note. Firstly, when the source hypersur-

face M is of finite type (in the sense of Kohn[9] and Bloom-Graham[10], we give a

new sufficient condition on M which guarantees that any (formal) holomorphic map

sending M into another (formal) real hypersurface in CN , with non-vanishing Jacobian

determinant, is necessarily CR-transversal (Corollary 2.3). This result generalizes, in

particular, a result due to Baouendi-Rothschild[11]. Secondly, we also deal with the case

of infinite type hypersurfaces, which, to our knowledge, does not seem to have been

much studied before (except implicitly in the works of Baouendi-Rothschild[12] and

Meylan[13]). We prove, among other results, a sharp transversality result for self-maps

of infinite type hypersurfaces (Corollary 3.3). We also provide, in such a setting, a new
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sufficient condition for a CR-transversal self-map to be an automorphism (Theorem

3.10).

In the next section, we collect the necessary notation and background needed in the

paper. The results and the proofs of the results in the finite type and in the infinite

type case can be read independently and are given in sec. 2 and sec. 3 respectively.

1 Notation and preliminaries

For x = (x1, . . . , xk) ∈ Ck, we denote by C[[x]] the ring of formal power series in x

and by C{x} the subring of convergent ones. If I ⊂ C[[x]] is an ideal and F : (Ckx, 0) →
(Ck

′

x′ , 0) is a formal map, we define the pushforward F∗(I) of I to be the ideal in C[[x′]],

x′ ∈ Ck
′

, F∗(I) := {h ∈ C[[x′]] : h ◦ F ∈ I}. We also define the generic rank of F ,

and denote it by RkF , to be the rank of the Jacobian matrix ∂F/∂x regarded as a

C[[x]]-linear mapping (C[[x]])k → (C[[x]])k
′

. Hence RkF is the largest integer r such

that there is an r × r minor of the matrix ∂F/∂x which is not 0 as a formal power

series in x. Note that if F is convergent, then RkF is the usual generic rank of the

map F . In addition, for any complex-valued formal power series h(x), we denote by

h̄(x) the formal power series obtained from h by taking complex conjugates of the

coefficients. We also denote by ordh ∈ N ∪ {+∞} the order of h, i.e. the smallest

integer r, such that ∂αh(0) = 0 for all α ∈ Nk with |α| 6 r − 1, for which ∂βh(0) 6= 0

for some β ∈ Nk with |β| = r (if h ≡ 0, we simply set ordh = +∞). Moreover, if

S = S(x, x′) ∈ C[[x, x′]], we write ordx S to denote the order of S viewed as a power

series in x with coefficients in the ring C[[x′]].

For (Z, ζ) ∈ CN×CN , we define the involution σ : C[[Z, ζ]] → C[[Z, ζ]] by σ(f)(Z, ζ) :=

f̄(ζ, Z). Let r ∈ C[[Z, ζ]] that is invariant under the involution σ. Such an r is said to

define a formal real hypersurface through the origin, which we denote by M , if r(0) = 0

and r has non-vanishing gradient with respect to Z at 0. Throughout the note, we

shall freely write M ⊂ C
N . The complex space of vectors of T0C

N which are in the

kernel of the complex linear map ∂Zr(0) will be denoted by T 1,0
0 M (see e.g. ref. [14]

for the motivation of these definitions).

Throughout this note, it will be convenient to use (formal) normal coordinates as-

sociated to any formal real hypersurface M of CN (see e.g. ref. [14]). They are

given as follows. There exists a formal change of coordinates in CN × CN of the form

(Z, ζ) = (Z(z, w), Z̄(χ, τ)), where Z = Z(z, w) is a formal change of coordinates in CN

and where (z, χ) = (z1, . . . , zN−1, χ1, . . . , χN−1) ∈ CN−1 × CN−1, (w, τ) ∈ C × C so

that M is defined through the following defining equations:

r((z, w), (χ, τ)) = w −Q(z, χ, τ), (1.1)

where Q ∈ C[[z, χ, τ ]] satisfies

Q(0, χ, τ) = Q(z, 0, τ) = τ. (1.2)

In such a coordinate system, we now recall several well-known (invariant) nonde-

generacy conditions for the formal real hypersurface M . Firstly, M is said to be of

finite type (in the sense of Kohn[9] and Bloom-Graham[10]) if Q(z, χ, 0) 6≡ 0. If M is
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not of finite type, we say that M is of infinite type. Following footnotes 1) and 2) ,

we say that M belongs to the class C (resp. is essentially finite) if for k large enough

the formal (holomorphic) map χ 7→ (Qzα(0, χ, 0))|α|6k is of generic rank N − 1 (resp.

is a finite map). Recall also that M is called holomorphically nondegenerate (in the

sense of Stanton[15]) if the generic rank of the formal map (χ, τ) 7→ (Qzα(0, χ, τ))|α|6k
is N . All these nondegeneracy conditions are known to be independent of the choice

of normal coordinates. Note that if M ∈ C, then M is necessarily holomorphically

nondegenerate. It is also good to point out for the purposes of this paper that formal

real hypersurfaces that do not contain any formal curve are examples of hypersurfaces

that belong to the class C (see ref. [14] and footnotes 1) and 2) for more details).

If r, r′ ∈ (C[[Z, ζ]]) define two formal real hypersurfacesM andM ′, we let I(M) (resp.

I(M ′)) be the ideal generated by r (resp. by r′). Let H : (CN , 0) → (CN , 0) be a formal

holomorphic map. We associate to the map H another formal map H: (CN ×CN , 0) →
(CN × CN , 0) defined by H(Z, ζ) = (H(Z), H̄(ζ)). We say that H sends M into M ′ if

I(M ′) ⊂ H∗(I(M)) and write H(M) ⊂M ′. The formal map H is CR-transversal if

T 1,0
0 M ′ + dH(T0C

N) = T0C
N , (1.3)

where dH denotes the differential of H (at 0).

If we choose normal coordinates Z = (z, w) ∈ CN and Z ′ = (z′, w′) ∈ CN for M and

M ′ respectively, and if we write the map H = (F,G) ∈ CN−1 × CN , then H is CR-

transversal if and only if ∂G/∂w(0) 6= 0 (see e.g. ref. [11] and footnote 3)) . We refer

to the last component G of H in any system of normal coordinates as a transversal (or

normal) component of H . When G ≡ 0, we say that H is transversally flat. Following

ref. [11], we also say that H is not totally degenerate if z 7→ ∂F
∂z (z, 0) is of generic rank

N − 1. It is easy to see (and well-known) that the above conditions are independent

of the choice of normal coordinates for M , M ′. Throughout the note, we will denote

by JacH the usual Jacobian determinant of H .

2 The finite type case

2.1 A prolongation lemma

Our main transversality result in the finite case (Theorem 2.2 below) is based on

the following result. In what follows, for every integer k, we denote by Jk0 (Cn,Cd) the

space of k-jets at 0 of holomorphic maps from Cn into Cd.

Lemma 2.1. Let A:
(
Cnz × Cmχ , (0, 0)

)
→ C be a formal (holomorphic) power

series, and assume that ordzA(z, χ) = k < ∞. Then, for every positive integer d and

for each α ∈ N
n, there exists a universal linear map

Tα: J
k+|α|
0 (Cn,Cd) → C

d (2.1)

(over the quotient field of meromorphic powers series in χ) such that for every formal

1) Lamel B, Mir N. Parametrization of local CR automorphisms by finite jets and applications. J

Amer Math Soc, 2007, to appear

2) Lamel B, Mir N. Finite jet determination of CR mappings, preprint 2006

3) Ebeneflt P, Rothschild L P. Transversality of CR mappings. Amer J Math, 2006, to appear
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power series mapping b: (Cn × Cm, 0) → Cd and every vβ : (C
m, 0) → Cd for β ∈ Nn

satisfying [
∂|β|

∂zβ
(A(z, χ) b(z, χ))

]∣∣∣∣
z=0

= vβ(χ), for allβ ∈ N
n, (2.2)

then

bzα(0, χ) = Tα
(
(vβ(χ))|β|6|α|+k

)
. (2.3)

Proof. Note that the case ordzA(z, χ) = 0 is trivial (we can just divide by A

then), so we assume that k > 0 for the proof.

We order the multiindices in Nn by lexicographic ordering, that is, α < β if and only

if α 6= β, and for the least j with αj − βj 6= 0 this number is negative.

We first choose α0 to be the minimal multiindex α ∈ Nn with Azα(0, χ) 6= 0, fix the

integer d and prove the lemma by induction on ℓ = |α|. For ℓ = 0, the result is obvious

by using (2.2) for β = α0.

Now assume that we have constructed the maps Tα for |α| < ℓ for some positive

integer ℓ. It is clear from the chain rule that the equations (2.2) for |β| = ℓ + k only

involve the bzγ (0, χ) for |γ| 6 ℓ. We first replace, inside such equations, the terms

bzγ (0, χ) by Tγ(vβ(χ) : |β| 6 k + ℓ− 1) for all γ of length strictly less than ℓ. We now

compute the coefficient of bzγ (0, χ) for all γ of length ℓ. For every such multiindex, we

consider the equation given by (2.2) for β = α0+γ. Ordering the γ’s in ascending order,

so that γ1 < γ2 < . . . < γN , the above equations yield that for every j = 1, . . . , N ,
∑

γ>γj,|γ|=ℓ

Azα0+γ−γj (0, χ)bzγ (0, χ) = ρj (vβ(χ) : |β| 6 ℓ+ k)

for some universal linear map ρj: J
k+ℓ
0 (Cn,Cd) → C

d (over FracC[[χ]]). The obtained

system is triangular in the unknowns bzγj (0, χ), j = 1, . . . , N and can be solved. The

proof of Lemma 2.1 is finished.

2.2 Statement of the results

Our main result for finite type hypersurfaces is given by the following.

Theorem 2.2. Let M,M ′ ⊂ CN be formal real hypersurfaces with M belonging

to the class C. Then every formal holomorphic map H : (CN , 0) → (CN , 0) sending M

into M ′ which is transversally nonflat is necessarily not totally degenerate, and hence

CR-transversal.

As a first consequence of Theorem 2.2, we have the following result which provides

a partial answer to a question posed in the paper1) (see also Conjecture 2.7 below).

Corollary 2.3. Let M,M ′ ⊂ CN be as in Theorem 2.2. Then every formal

holomorphic map H : (CN , 0) → (CN , 0) sending M into M ′ satisfying JacH 6≡ 0 is

CR-transversal.

We also obtain the following transversality result for arbitrary mappings.

Corollary 2.4. Let M,M ′ ⊂ CN be formal real hypersurfaces. Assume that M

belongs to the class C and that M ′ does not contain any formal curve. Then any

1) See footnote 3) on page 1479.
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formal holomorphic map H : (CN , 0) → (CN , 0) sending M into M ′ is either constant

or CR-transversal.

Theorem 2.2 improves a transversality result due to Baouendi-Rothschild[11] estab-

lished for essentially finite hypersurfaces. In fact, in this note, we will only show that

the map H in Theorem 2.2 is not totally degenerate, the CR-transversality of the map

being then a consequence of the recent result of Ebenfelt-Rothschild (footnote 1), Theo-

rem 4.1). We should also point out that when M is assumed to be essentially finite, it

was shown in ref. [11] that the map is in fact CR-transversal and finite. This need not

be the case when M is merely in the class C as shown by the following example.

Example 2.5. Let ψ = (ψ1, . . . , ψn) ∈ (C[[z]])
n

be a formal map of generic rank

n, not finite and vanishing at the origin. Consider the formal hypersurface Mψ :=

{(z, w) ∈ Cn × C : Imw =
∑n
j=1 |ψj(z)|2} as well as the Heisenberg hypersurface

Hn := {(z′, w′) ∈ Cn × C : Imw′ =
∑n

j=1 |z′j|2}. Then the hypersurface Mψ ∈ C and

the formal mapH given byH(z, w) = (ψ(z), w) sending Mψ into Hn, is CR-transversal,

not totally degenerate and obviously not finite.

In fact, we have the following more precise statement.

Proposition 2.6. Let M,M ′ ⊂ CN be as in Theorem 2.2 and H : (CN , 0) →
(CN , 0) be a formal holomorphic map sending M into M ′. Then the followings are

equivalent:

(i) H is CR transversal;

(ii) H is not totally degenerate.

Note that Proposition 2.6 is not true in the more general situation when M is

holomorphically nondegenerate and of finite type (see for instance the example given

in footnote 1), pp 26–27). However, we believe that the following should be true:

Conjecture 2.7. Let M,M ′ ⊂ CN be formal real hypersurfaces with M holo-

morphically nondegenerate and of finite type. Then the followings are equivalent:

(i) H is CR transversal;

(ii) JacH 6≡ 0.

We support such a conjecture by proving the following result, which in particular

shows that the implication (i) ⇒ (ii) in Conjecture 2.7 is indeed true.

Theorem 2.8. Let M,M ′ ⊂ C
N be formal real hypersurfaces with M holomor-

phically nondegenerate. Then every formal holomorphic map H : (CN , 0) → (CN , 0)

sending M into M ′ which is transversally nonflat satisfies JacH 6≡ 0.

The proof of Theorem 2.8 will be obtained by following the lines of the proof of

Theorem 2.2. Note however that, contrarily to Theorem 2.2, the map H in Theo-

rem 2.8 need not be CR-transversal as the basic example M = {(z, w) ∈ C2 : Imw =

|zw|2}, M ′ = H1 and H(z, w) = (z, zw), shows.

2.3 Proofs of the results

Proof of Theorem 2.2. Choose normal coordinates Z = (z, w) for M so that

M is given by (1.1) and similarly for M ′ (we just add a “prime” to the corresponding

1) See footnote 3) on page 1479.
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objects for the target hypersurface) and write H = (F,G) = (F 1, . . . , FN−1, G) as in

sec. 1. Assume, by contradiction, that H is totally degenerate. We will show that this

forces the transversal component G to vanish. Since H sends M into M ′, we have the

power series identity

G(z,Q(z, χ, 0)) = Q′
(
F (z,Q(z, χ, 0)), F̄(χ, 0), 0

)
(2.4)

that we differentiate with respect to χ to obtain

Gw(z,Q(z, χ, 0))−Q′
z′(F (z,Q(z, χ, 0)), F̄(χ, 0), 0) · Fw(z,Q(z, χ, 0))Qχ(z, χ, 0)

= Q′
χ′

(
F (z,Q(z, χ, 0)), F̄(χ, 0), 0

)
· ∂F̄
∂χ

(χ, 0). (2.5)

Taking derivatives (of arbitrary order) with respect to z and evaluating at 0 we see

that the right hand side of (2.5) is always contained in the (C-linear) span of the

F̄ jχ(χ, 0), j = 1, . . . , N − 1; this space has by assumption dimension less than N − 1

(strictly). If the coefficient of Qχ(z, χ, 0) on the left hand side of (2.5) is not zero, an

application of Lemma 2.1 (with b(z, χ) = Qχ(z, χ, 0)) yields that for every α ∈ NN−1,

Qzα,χ(0, χ, 0) is contained in the (FracC[[χ]]-linear) span of the F̄ jχ(χ, 0), j = 1, . . . , N−
1, a contradiction, since M ∈ C means that the dimension of the space spanned (over

FracC[[χ]]) by the Qzα,χ(0, χ, 0), α ∈ NN−1, is N − 1.

Thus, we conclude that

Gw(z,Q(z, χ, 0))−Q′
z′

(
F (z,Q(z, χ, 0)), F̄(χ, 0), 0

)
· Fw(z,Q(z, χ, 0)) = 0. (2.6)

Setting χ = 0 in this equation we have that Gw(z, 0) = 0. We now construct by

induction for each positive integer k formal power series ck(z, w, χ′) satisfying

ck(z, w, 0) = 0, tag2.7

Gwk(z,Q(z, χ, 0))− ck(z,Q(z, χ, 0), f̄(χ, 0)) = 0. (2.8)

In view of (2.6), we have already constructed c1. For every integer ℓ > 2, if c1, . . . , cℓ−1

have been constructed, we then differentiate the equation (2.8) for k = ℓ − 1 with

respect to χ and we obtain

(Gwℓ(z,Q(z, χ, 0))− cℓ−1
w (z,Q(z, χ, 0), F̄(χ, 0)))Qχ(z, χ, 0)

= cℓ−1
χ′ (z,Q(z, χ, 0), F̄(χ, 0)) · ∂F̄

∂χ
(χ, 0). (2.9)

The same argument as in the case ℓ = 1 above lets us conclude that the coefficient of

Qχ(z, χ, 0) on the left hand side of (2.9) vanishes. Thus, we can choose

cℓ(z, w, χ′) := cℓ−1
w (z, w, χ′),

which satisfies (2.7) and (2.8) for k = ℓ. We may now conclude that Gwℓ(z, 0) = 0

for all ℓ, so that the transversal component of H is flat. The proof of the theorem is

complete.

For the proof of Corollary 2.4, we need the following result contained in the proof of

ref. [16, Proposition 7.1].

Lemma 2.9. Let M,M ′ ⊂ CN be formal real hypersurfaces. Assume that M

is holomorphically nondegenerate and that M ′ does not contain any formal curve.
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Then every formal holomorphic map sending M into M ′ that is transversally flat is

necessarily constant.

Proof of Corollary 2.4. The corollary is obtained by combining Theorem 2.2and

Lemma 2.9 and noticing that if M ∈ C then M is holomorphically nondegenerate.

Proof of Proposition 2.6. The implication (i)⇒(ii) is proved in footnote 1),

Corollary 4.2, while the implication (i)⇒(ii) (with the weaker assumption that M is of

finite type instead of being in the class C) is the content of footnote 2), Theorem 4.1.

Proof of Theorem 2.8. We keep the notation of the proof of Theorem 2.2 and

present a completely analogous argument. We also write ζ = (χ, τ) ∈ C
N−1 × C and

H = (F,G) = (H1, . . . , HN ). Here again assume, by contradiction, that JacH ≡ 0.

We will show that this forces the transversal component G to vanish. Since H sends

M into M ′, we have the formal power series relation

G(z,Q(z, ζ)) = Q′
(
F (z,Q(z, ζ)), H̄(ζ)

)
. (2.10)

We differentiate (2.10) with respect to ζ to get

(Gw(z,Q(z, ζ)) −Q′
z′(F (z,Q(z, ζ)), H̄(ζ)) · Fw(z,Q(z, ζ))Qζ(z, ζ)

= Q′
ζ′(F (z,Q(z, ζ)), H̄(ζ)) · ∂H̄

∂ζ
(ζ). (2.11)

Taking derivatives (of arbitrary order) with respect to z and evaluating at 0 we see

that the right hand side of (2.11) is always contained in the (C-linear) span of the

H̄j
ζ (ζ), j = 1, . . . , N ; this space has by assumption dimension less than N (strictly). If

the coefficient of Qζ(z, ζ) on the left hand side of (2.11) is not zero, another application

of Lemma 2.1 yields that for every α ∈ NN−1, Qzα,ζ(0, ζ) is contained in the (FracC[[ζ]]-

linear) span of the H̄j
ζ (ζ), j = 1, . . . , N , a contradiction, since M being holomorphically

nondegenerate means that the dimension of the space spanned (over FracC[[ζ]]) by the

Qzα,ζ(0, ζ), α ∈ N
N−1, is N (see e.g. refs. [14, 15]).

We therefore conclude that

Gw(z,Q(z, ζ)) −Q′
z′

(
F (z,Q(z, ζ)), H̄(ζ)

)
· Fw(z,Q(z, ζ)) = 0. (2.12)

Setting ζ = 0 in (2.12) we get that Gw(z, 0) = 0. As in the proof of Theorem 2.2, we

define by induction for each positive integer k formal power series Sk(z, w, ζ′) satisfying

Sk(z, w, 0) = 0, (2.13)

Gwk(z,Q(z, ζ)) − Sk(z,Q(z, ζ), H̄(ζ)) = 0. (2.14)

We have already constructed S1 above. For every integer ℓ > 2, if S1, . . . , Sℓ−1 have

been defined, we then differentiate the equation (2.14) for k = ℓ − 1 with respect to ζ

and obtain
(
Gwℓ(z,Q(z, ζ)) − Sℓ−1

w (z,Q(z, ζ), H̄(ζ))
)
Qζ(z, ζ)

= Sℓ−1
ζ′ (z,Q(z, ζ), H̄(ζ)) · ∂H̄

∂ζ
(ζ).tag2.15

1) See footnote 2) on page 1479.

2) See footnote 3) on page 1479.
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The same argument as in the case ℓ = 1 above lets us conclude that the coefficient of

Qζ(z, ζ) on the left hand side of (2.15) vanishes. Thus, we can choose Sℓ(z, w, ζ′) :=

Sℓ−1
w (z, w, ζ′), which satisfies (2.13) and (2.14) for k = ℓ. All this implies thatGwℓ(z, 0) =

0 for all ℓ, so that the transversal component of H is flat. The proof of the theorem is

finished.

3 The infinite type case

In this section, we will derive some analogues of the transversality result due to

Baouendi-Rothschild[11] for infinite type hypersurfaces. We say that a formal real

hypersurface M ⊂ CN given in normal coordinates (z, w) ∈ CN is of m-infinite type,

where m ∈ Z+, if M is given by a (complexified) defining equation of the form w =

Q(z, χ, τ), where

Q(z, χ, τ) = τ + τmQ̃(z, χ, τ), (3.1)

with Q̃(z, 0, τ) = Q̃(0, χ, τ) = 0 and Q̃(z, χ, 0) 6≡ 0. (As customary, we use a similar

notation for any other formal real hypersurface M ′ by just adding a “prime”.) This

above condition was introduced by Meylan[13], who also observed that such a condition

together with the integer m is invariantly attached to M (i.e. independent of the chosen

normal coordinates); the notion of “transversal order” that we define next is also due

to Meylan, who established its basic properties.

3.1 The transversal order of a map

Let M,M ′ ⊂ CN be two formal real hypersurfaces (given in normal coordinates)

that we assume to be of m-infinite and m′-infinite type respectively, m,m′ > 1. Given

a transversally nonflat formal holomorphic map H : (CN , 0) → (CN , 0) sending M into

M ′ written H = (F,G) as in sec. 1, we define the transversal order of H and denote

it by trord H to be the integer k such that G(z, w) = wkG̃(z, w) with G̃(z, 0) 6≡ 0. If

H is transversally flat, we just naturally set trord H = ∞. We note that in any case

we always have trordH > 1 and that the notion of transversal order is invariant under

changes of coordinates preserving normal coordinates in the source and in the target

space (ref. [13, Lemma 2.1]).

The first lemma we state asserts that in the above situation we necessarily have

G̃(0) 6= 0. It is also contained in ref. [13] but for the reader’s convenience we give a

short proof.

Lemma 3.1. Let M,M ′ be as above and H : (CN , 0) → (CN , 0) be a formal

holomorphic map sending M into M ′. If H is not transversally flat, that is, trordH

= k <∞, then Gwk(z, 0) = Gwk(0) ∈ R \ {0}.
Proof. We start with the equation

G (z,Q (z, χ, τ)) = Q′
(
F (z,Q (z, χ, τ)) , F̄ (χ, τ) , Ḡ (χ, τ)

)
, (3.2)

in which we set χ = 0, τ = w. This gives

G(z, w) = Ḡ(0, w) + Ḡ(0, w)m
′

Q̃′(F (z, w), F̄ (0, w), Ḡ(0, w)). (3.3)
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The last equation clearly implies that G(0, w) 6= 0; so let s be the smallest integer

such that Gws(0) 6= 0. From the definition of k and s, we immediately get that s > k.

Furthermore we notice that the order (in w) of left-hand side of (3.3) is exactly k,

whereas it is at least s for the right-hand side of (3.3) which shows that k > s and

therefore k = s. Now comparing the coefficients of wk on both sides of the equation

we get Gwk(z, 0) = Gwk(0), which completes the proof of the lemma.

Our goal in this section is to bound the transversal order of a map in terms of m

and m′. The bound is provided in our next proposition.

Proposition 3.2. Let M,M ′ be as above and H : (CN , 0) → (CN , 0) be a formal

holomorphic map sending M into M ′. If H is transversally nonflat, then

(m′ − 1) trordH 6 m− 1. (3.4)

We will give examples illustrating this bound with specific maps in Example 3.5. Let

us remark that if m′ = 1, there are examples to show that no bound on the transversal

order can be obtained in this case, see Example 3.6 below. Let us also add that if,

in Proposition 3.2, the map H is assumed to be furthermore not totally degenerate,

Meylan proved that the inequality given by (3.4) is in fact an equality (see ref. [13,

Propositon 2.2]).

Proof. We again start with (3.2), set trord H = k, and rewrite this equation in

the following way:

(τ + τmQ̃(z, χ, τ))kG̃ (z,Q(z, χ, τ))

= τkG̃ (χ, τ) + τkm
′

G̃ (χ, τ)
m′

Q̃′(F (z,Q(z, χ, τ)), F̄ (χ, τ), Ḡ(χ, τ)). (3.5)

On the left hand side of this equation, we claim that there is a term which has order

k +m− 1 in τ whose coefficient depends on z (and χ). Indeed, let us assume that

Q̃(z, χ, 0) =
∑

(a,b)∈(Z+)2

Q̃a,b(z, χ, 0),

where Q̃a,b(λz, µχ, 0) = λaµbQ̃a,b(z, χ, 0), (λ, µ) ∈ C
2,

and let (a0, b0) be minimal under the condition that Q̃a,b(z, χ, 0) = 0 for a+b < a0 +b0

and a < a0. We expand the series on the left hand side of (3.5) in terms Ta,b,c(z, χ, τ),

which are homogeneous in z, χ, and τ i.e. Ta,b,c(λz, µχ, δτ) = λaµbδcTa,b,c(z, χ, τ) for

λ, µ as above and δ ∈ C. We claim that Ta0,b0,k+m−1(z, χ, τ)=kG̃(0)τk+m−1Q̃a0,b0(z, χ,

0) 6= 0. First note that modulo terms Ta,b,c with c > k + m − 1, we can rewrite the

series as (τ + τmQ̃(z, χ, 0))kG̃(z, τ). We now pick the terms which are homogeneous of

order a0 in z and b0 in χ and see that our claim holds.

Now, the lowest order in τ of a term of the series on the right hand side of (3.5)

which contains a coefficient depending on z is at least km′. Thus, km′ 6 k +m − 1,

which is the inequality we wanted to prove.

Given a formal real hypersurface M ⊂ CN , M is of infinite type if and only if there

is a formal complex hypersurface E, which we refer to as the “exceptional” complex

hypersurface, which is contained in M . (In normal coordinates, this is necessarily given

by E = {w = 0}.) Note that if M is such a hypersurface, a necessary condition for a
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formal holomorphic self-map of M to be CR-transversal is to be transversally non-flat,

i.e. H(CN ) 6⊂ E. As a direct application of Proposition 3.2 we obtain that the converse

of this statement does hold for m-infinite type hypersurfaces provided that m > 2.

In addition, Example 3.6 below shows that the corresponding result does not hold for

1-infinite type hypersurfaces.

Corollary 3.3. Let M ⊂ CN be a formal real hypersurface of m-infinite type

with m > 2, and denote by E the exceptional complex hypersurface contained in M .

Then for every formal holomorphic map H : (CN , 0) → (CN , 0) sending M into itself,

either H is CR-transversal or H(CN ) ⊂ E.

Another application of Proposition 3.2 is given by the following generalization of

Corollary 3.3.

Corollary 3.4. Let M,M ′ ⊂ CN be formal real hypersurfaces of m-infinite and

m′-infinite type respectively, and denote by E′ the exceptional complex hypersurface

contained in M ′. Assume that 1 < m′ 6 m and that m < 2m′ − 1. Then for every

formal holomorphic map H : (CN , 0) → (CN , 0) sending M into M ′, either H is CR-

transversal or H(CN ) ⊂ E′.

We will now discuss the examples we already pointed out. Our first example provides

explicit maps between certain infinite type hypersurfaces, where we can compute the

infinite type and the transversal order of the maps explicitly.

Example 3.5. Let us note that (for different reasons) certain special cases of this

example have been considered by Kowalski[17] and Zaitsev[18].

Consider the Heisenberg hypersurface H1 ⊂ C2
(z,w) as given in Example 2.5. We let

Hb,c(z, w) = (
√
czwb, wc), b, c ∈ Z+, be a weighted analytic blowup of C2; for reasons

which will become apparent below, we concentrate on blowups where 2b > c. The

preimage of H1 under this weighted blowup is given by Imwc = c|z|2|w|2b; setting

w = s+ it, this equation turns into

[(c−1)/2]∑

k=0

(
c

2k + 1

)
(−1)ksc−2k−1t2k+1 = c|z|2

b∑

k=0

(
b

k

)
s2b−2kt2k,

where [·] denotes the integer part. We set sdu = t, where d = 2b− c+ 1; after division

by s2b the equation above now becomes

[(c−1)/2]∑

k=0

(
c

2k + 1

)
(−1)ks2k(d−1)u2k+1 = c|z|2

b∑

k=0

(
b

k

)
s2k(d−1)u2k.

By the Implicit Function Theorem, this equation has a unique analytic solution u =

Θb,c(|z|2, s) which satisfies Θb,c(|z|2, 0) = |z|2 6= 0 and Θb,c(0, s) = 0 (here we use that

2b > c). Thus, the preimage of H1 under the blowup Hb,c contains a germ of a real-

analytic hypersurface Mb,c, of d-infinite type given by the equation t = sdΘb,c(|z|2, s).
From this construction, we obtain examples of maps between hypersurfaces of infinite

type by noticing that Hb,c ◦Hb̃,c̃ = Hb̃+bc̃,cc̃ with 2b̃ > c̃, b̃, c̃ ∈ Z+; we claim that Hb̃,c̃

is a map of transversal order c̃ from the m-infinite type hypersurface Mb̃+bc̃,cc̃ to the

m′-infinite type hypersurface Mb,c where m = 2(b̃ + bc̃) − cc̃+ 1 and m′ = 2b− c+ 1;
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for this map, the bound (3.4) becomes

trordHb̃,c̃ = c̃ 6
m− 1

m′ − 1
= c̃+

2b̃

2b− c
.

Let us establish our claim above i.e. that Hb̃,c̃ actually sends Mb̃+bc̃,cc̃ into Mb,c. We

rewrite the defining equation ofMb,c in complex form and replace the variables by (ζ, η);

then, Mb,c ⊂ C2
ζ,η is given by η = η̄ + η̄m

′

Φ(|ζ|2, η̄), where now Φ(|ζ|2, 0) = 2i|ζ|2 and

Φ(0, s) = 0. To prove our claim, we will show that there is exactly one germ of a real-

analytic hypersurface in C2
z,w of the form t = smϕ(|z|2, s), w = s+ it, with ϕ(|z|2, 0) =

|z|2 in the preimage of Mb,c under the blowup Hb̃,c̃ with m = (m′ − 1)c̃+ 2b̃+ 1; since

the preimage of H under the composition Hb,c ◦Hb̃,c̃ is another such, the real-analytic

hypersurface constructed in this way in the preimage of Mb,c under Hb̃,c̃ agrees with

Mb̃+bc̃,cc̃.

As before, we substitute η = wc̃, and ζ =
√
c̃zwb̃. The equation of H−1

b̃,c̃
(Mb,c) turns

into

2i
∑

j

(
c̃

2j + 1

)
(−1)jsc̃−(2j+1)t2j+1 = (s− it)c̃m

′

Φ(c̃|z|2(s2 + t2)b̃, (s− it)c̃). (3.6)

We now proceed as above and substitute t = t̃sm, where m = (m′ − 1)c̃ + 1 + 2b̃.

Writing Φ as a Taylor series Φ(|ζ|2, η̄) =
∑
k>1,l>0 Φk,l|ζ|2kη̄l,

Φ(c̃|z|2(s2 + t2)b̃, (s− it)c̃) =
∑

k>1,l>0

Φk,l (s
2 + t̃2s2m)b̃kc̃k|z|2k(s− it̃sm)c̃l

= s2b̃
∑

k>1,l>0

Φk,l s
2b̃(k−1)+c̃l(1 + t̃2s2m−2)b̃k c̃k

· |z|2k(1 − it̃sm−1)c̃l

= s2b̃2ic̃|z|2 +O(s2b̃+1),

we see that the right hand side of (3.6) is divisible by sm
′c̃+2b̃ (as is the left hand side),

and after division, our equation becomes 2it̃ = 2i|z|2+O(s). Here, we have again tacitly

used the fact that since 2b > c and m′ > 1, m > 1, and the Implicit Function Theorem

guarantees a unique solution t̃ = ϕ(|z|2, s) with ϕ(|z|2, 0) = |z|2 of this equation as

claimed.

Example 3.6. For each positive integer k, the map Tk: C
2 → C2 given by

Tk(z, w) = (z, wk) maps the 1-infinite type hypersurface Mk given by w = w̄e
i|z|2

k into

the 1-infinite type hypersurface M given by w = w̄ei|z|
2

. Thus, the maps Hk(z, w) =

(
√
kz, wk) are examples of holomorphic self-maps sending the 1-infinite type hypersur-

face M into itself having arbitrary transversal order.

3.2 On being an automorphism in the infinite type case

We conclude this note by proving an analogue in the infinite type case of a criterion

(established in footnote 1)) for a map to be an automorphism. We know from Coroll-

ary 3.3 that if M a formal real hypersurface that is of m-infinite type with m > 2, then

1) See footnote 2) on page 1479.
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every formal holomorphic self-map H of M is either CR-transversal or transversally

flat. We now put an additional nondegeneracy assumption on M that will force any

formal CR-transversal self-map of M to be an automorphism (this will also be true in

the 1-infinite type case, where in view of Example 3.6, the transversality result does

not hold in general, see Theorem 3.10). For this, we say that M belongs to the class

Cm if M is of m-infinite type and is given in normal coordinates as follows:

w = Q(z, χ, τ), Q(z, χ, τ) = τ + τmQ̃(z, χ, τ),

with Q̃(z, χ, 0) =
∑

α∈NN−1 Q̃α(χ)zα, and with the formal map

χ 7→ (Q̃α(χ))|α|6k (3.7)

of generic rank N − 1 for large enough k. We leave it to the reader to check that this

condition is independent of the choice of normal coordinates.

Our goal in this section is to establish the following theorem.

Theorem 3.7. LetM ⊂ CN be a formal real hypersurface that belongs to the class

Cm for some m > 2 and denote by E the exceptional complex hypersurface contained

in M . Then for every formal holomorphic map H : (CN , 0) → (CN , 0) sending M into

itself, one of the following two conditions holds:

(i) H(CN ) ⊂ E;

(ii) H is an automorphism.

Note here again that Example 3.6 shows that Theorem 3.7 does not hold in the

1-infinite type case.

We start with the following lemma that can be found in ref. [19, Lemma 3.8] for

which we provide a different and simpler proof.

Lemma 3.8. Let M ⊂ CN be a formal real hypersurface of m-infinite type with

m > 1 and given in normal coordinates as above. Then for every formal CR-transversal

holomorphic map H : (CN , 0) → (CN , 0) sending M into itself, H = (F,G), we have

Q̃(z, χ, 0) = Gw(0)m−1Q̃
(
F (z, 0), F̄ (χ, 0), 0

)
. (3.8)

Proof. For the proof, we start (as usual) with the identity

G(z,Q(z, χ, τ)) = Q(F (z,Q(z, χ, τ)), F̄ (χ, τ), Ḡ(χ, τ)), (3.9)

and we write G(z, w) = w G̃(z, w) with G̃(z, 0) = Gw(0) ∈ R \ {0} in view of Le-

mma 3.1. We may rewrite (3.9) as follows:

(τ+τmQ̃(z, χ, τ))G̃(z,Q(z, χ, τ))

= Ḡ(χ, τ) + (Ḡ(χ, τ))m Q̃(F (z,Q(z, χ, τ)), F̄ (χ, τ), Ḡ(χ, τ)). (3.10)

We look at the terms of order m in τ in the above equation. On the left side, such

a term is given by the quantity

G̃wm−1(z, 0) + Q̃(z, χ, 0)Gw(0), (3.11)

while on the right hand side, it is given by

Ḡτm(χ, 0) + (Ḡτ (0))mQ̃(F (z, 0), F̄ (χ, 0), 0). (3.12)
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Since (3.11)=(3.12) we first get, after setting consecutively z = 0 and χ = 0 in the

obtained identity that G̃wm−1(z, 0) and Ḡτm(χ, 0) are equal and constant. This leads

to the desired identity. The proof of the lemma is complete.

To prove Theorem 3.7, we need the following general fact about power series.

Lemma 3.9. Let A: (Cnz ×Cnχ, (0, 0)) → C be a formal power series such that for k

large enough the map χ 7→ (Azα (0, χ))|α|6k is of generic rank n. If for some formal map

B: (Cn, 0) → (Cn, 0) there is a nonzero constant r such that A(z, χ) = rA(B(z), B̄(χ)),

then necessarily B is a formal automorphism of Cn.

Proof. From the equation A(z, χ) = rA(B(z), B̄(χ)) we obtain for each α ∈ N
n

a polynomial map Φα such that Azα(0, χ) = Φα((Azβ (0, B̄(χ)))|β|6|α|). We choose k

large enough such that χ 7→ (Azα(0, χ))|α|6k is of generic rank n and also choose n

multiindices α(1), . . . , α(n) such that the order ν of the determinant of the matrix



∂A
zα(1)

∂χ1
(0, χ) . . .

∂A
zα(1)

∂χn
(0, χ)

...
...

∂A
zα(n)

∂χ1
(0, χ) . . .

∂A
zα(n)

∂χn
(0, χ)




is minimal among any such choices of n multiindices. Differentiating the n equations

A
zα(j) (0, χ) = Φα(j)

(
(Azβ (0, B̄(χ))|β|6|α(j)|

)
, j = 1, . . . , n,

with respect to χ and using the Cauchy-Binet formula yields the inequality ν > ν +

orddetB̄χ(χ). Consequently, orddetB̄χ(χ) = 0, i.e. detBz(0) 6= 0.

Combining the last two lemmas, we obtain the following result whose analogous

statement is contained in footnote 1) for hypersurfaces belonging to the class C.

Theorem 3.10. Let M ⊂ CN be a formal real hypersurface that belongs to

the class Cm for some m > 1. Then every formal CR-transversal holomorphic map

H : (CN , 0) → (CN , 0) sending M into itself is an automorphism.

Proof of Theorem 3.7. The theorem is just obtained as the conjunction of Theo-

rem 3.10 and Corollary 3.3.
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