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Abstract Let M c CN be a minimal real-analytic CR-submanifold amt ¢ cN a real-algebraic
subset through pointp € M and p’ € M’ respectively. We show that that any formal
(holomorphic) mapping: (CV, p) — (CN', p'), sending¥ into M’, can be approximated
up to any given order gb by a convergent map sendidg into M’. If M is furthermore
generic, we also show that any such mApthat is not convergent, must send (in an
appropriate senséy into the sett’ ¢ M’ of points of D’Angelo infinite type. Therefore,
if M’ does not contain any nontrivial complex-analytic subvariety throp/glany formal
map f sendingM into M’ is necessarily convergerio cite thisarticle: F. Meylan et al.,
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Propriétés d’approximation et de convergence des applications CR
formelles

Résumé SoientM c CV une sous-variété CR analytique réelle minimalevgtc ¢’ un sous-
ensemble algébrique réel avpes M etﬁ/ € M’. On montre que pour toute application
(holomorphe) formellef: (CV, p) — (CV', p’), envoyantM dansM’, et pour tout entier
positif k donné, il existe un germe d’application holomorpheperenvoyantM dansM’
et dont le jet enp d’ordre k correspond a celui d¢. Si M est de plus générique, on
montre qu’une telle applicatiofi, non convergente, envoie nécessairenMr(en un sens
approprié) dans le sous-ensemélec M’ des points de type infini au sens de D’Angelo.
Ceci impligue en particulier la convergence de toutes les applications formelles envoyant
M dansM’, si M’ ne contient pas de sous-ensemble analytique complexe irréductible de
dimension positive passant palr. Pour citer cet article: F. Meylan et al., C. R. Acad. Sci.

Paris, Ser. | 335 (2002) 671-676.
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Version francaise abrégée

Un théoréeme célébre d’Artin [1] affirme que pour tout systéme d’équations analytiques, pour toute
solution formellef d’'un tel systéme et pour tout entier posiifil existe une solution convergente dont la
série de Taylor d’ordré correspond a celle dg. Dans cette Note, on s'intéresse aux propriétés analogues
d’approximation et de convergence pour les applications formelles holomofphés" , p) — (CV', p/)
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envoyant une sous-variété analytique réafle- CV dans une autre telle sous-varié#é c CV'. Dans un

tel contexte, le théoréme d’Artin ne peut s’appliquer directement, et, en fait, il résulte des travaux de Moser—
Webster [15] que I'énoncé d’approximation correspondant n’est pas vrai en général. En effet, d’aprés [15],
il existe deux germes de surfaces algébriques réelles@nsi sont formellement équivalents mais non
biholomorphiquement équivalents. Notre premier résultat montre qu’un tel phénomene ne peut se produire
si M c CVN est une sous-variété CR analytique réelle minimale (au sens de Tumanov [16]).

THEOREME 0.1.— SoientM c CV une sous-variété CR analytique réelle minimaleMt C cN;
un sous-ensemble algébrique réel ayee M et p’ € M’. Alors pour toute application formellg :
(CN, p) — (cV, p'), envoyantM dansM’, et pour tout entier positik, il existe un germe d’application
holomorpher* : (CV, p) — (CV', p’), envoyant dansM’, et telle que sa série de Taylor (@i d'ordre
k corresponde a celle dg.

Dans le cas d’applications formell@sversiblesentre sous-variétés CR analytiques réelles de méme
dimension, des résultats d’approximation analogues au Théoreme 0.1 ont été obtenus dans [5,4]. La
nouveauté essentielle réside ici dans I'approximation d'applications formelles quelconques dans des
espaces complexes de dimension arbitraire. Signalons aussi que dans la situation du Théoréme 0.1,
I'application f n'est pas nécessairement convergente en général. Par exemyley'ast pas générique,
ou si M’ contient un sous-ensemble analytique complexe irréductible de dimension positive passant par
p’, alors des applications formelles non-convergentes envayadansM’ existent toujours. Le résultat
suivant montre qu’il s’agit essentiellement des deux principales exceptions.

THEOREME 0.2. — SoientM ¢ CV une sous-variété générique analytique réelle minimale’et CV’
un sous-ensemble algébrique réel ayee M et p’ € M’. Désignons pa€’ I'ensemble des points dg’
par lesquels il passe un sous-ensemble analytique complexe irréductible de dimension positive. Alors toute
application formellef : (CV, p) — (CV', p’), envoyantM dansM’ soit est convergente, soit envaig
dans&’.

Remarquons que le sous-ensendiile M’ défini ci-dessus n’est pas en général analytique réel (voir par
exemple [11]). Ainsi, dire qug appliqueM dans€’ dans le Théoréme 0.2 signifie guéf (x(¢))) = 0 pour
tous germes d’applications analytiques réeide@R?imM, 0)— (M, p) ety : (M, p') — (R, 0) telles que
@ s’'annule sug’. Du Théoreme 0.2, on déduit :

COROLLAIRE 0.3.— SoientM c CV une sous-variété générique analytique réelle minimalg/et
CN' un sous-ensemble algébrique réel ayee M et p’ € M’. Alors toute application formellef :
(CN, p) = (CV', p) envoyant dansM’ est convergente si et seulemend&ine contient pas de sous-
ensemble analytiqgue complexe irréductible de dimension positive passapit par

Le Corollaire 0.3 semble nouveau déja dans le ca’ai M’ sont des hypersurfaces®t= N’, comme
dans le cas o et M’ sont des sphéres 8t # N. Pour des travaux antérieurs traitant de la convergence
d’'applications formelles entres sous-variétés CR analytiques réelles, nous renvoyons aux articles [6,3,5,13,
14,8,4] et a leur bibliographie.

1. Introduction

A celebrated theorem of Artin [1] states that a formal solution of a system of analytic equations can
be replaced by a convergent solution of the same system that approximates the original solution at any
prescribed order. In this Note, we are interested in establishing analogous approximation and convergence
results for formal (holomorphic) mappings sending (germs of) real-analytic submanioldsC" and
M’ c CV' into each other. In such a setting, Artin’s approximation theorem cannot be used directly, and, in
fact, the analogous approximation statement does not hold in general. Indeed, it follows from the work of

672



Tocitethisarticle: F. Meylan et al., C. R. Acad. Sci. Paris, Ser. | 335 (2002) 671676

Moser and Webster [15] that there exist real-algebraic surfidcelg’ ¢ C? that are formally equivalent but
not biholomorphically equivalent. The first result of this Note shows that this phenomenon cannot happen
if M is a (real-analytic) minimal CR-submanifold (in the sense of [16]).

THEOREM 1.1.— Let M c CV be a real-analytic minimal CR-submanifold and’ c CV' a real-
algebraic subset withp € M and p’ € M’. Then for any formatholomorphi¢ mappingf : (CV, p) —
((CN/,p/) sendingM into M’ and any positive integek, there exists a germ of a holomorphic map
fk @V, p)— (cV, p’) sendingM into M’, whose Taylor series at agrees withf up to orderk.

For the case oinvertible formal maps between real-analytic CR-submanifolds of the same dimension,
similar approximation results have been obtained in [5,4]. The main novelty in Theorem 1.1 consists in
considering the case of arbitrary formal maps in complex spaces of possibly different dimension. It is worth
noticing that in the setting of Theorem 1.1, the mAameed not be convergent in general. For instance,
if M is not generic, or ifM’ contains an irreducible complex-analytic subvariety of positive dimension
throughp’, there always exist non-convergent formal maps sendiirigto M’. Our next result shows that
these are essentially the only exceptions.

THEOREM 1.2.— Let M ¢ CV be a real-analytic minimal generic submanifold ahtf C CcM areal-
algebraic subset witly € M and p’ € M’. Denote by’ the set of all points o#’ through which there exist
irreducible complex-analytic subvarieties #f’ of positive dimension. Then any form@olomorphig
mappingf : (CV, p) — (CV', p’) sendingM into M’ is either convergent or sendg into £’.

In the context of Theorem 1.2, by saying thyasendsM into £, we mean thap(f (x(¢))) = 0 holds for
all germs of real-analytic maps: (]R?'mM, 0) - (M, p) andg : (M’, p') — (R, 0) such thafp vanishes
on &'. Such a precision is noteworthy since the sulgSedefined above is not in general a real-analytic
subset ofM’ (see [11] for an example). As an immediate application of Theorem 1.2, we obtain:

COROLLARY 1.3.— Let M c CV be a minimal real-analytic generic submanifold anti c CV' a
real-algebraic subset witlp € M and p’ € M’. Then all formal mapg : (C¥, p) - (CV', p’) sendingM
into M’ are convergent if and only i#/’ does not contain any irreducible complex-analytic subvariety of
positive dimension through'.

Corollary 1.3 seems to be new already in the case wh&rgé!’ ¢ CV are hypersurfaces as well as in
the case wheréf and M’ are spheres anl’ # N. For previous work in the direction of Theorem 1.2 and
Corollary 1.3, the reader is referred to the papers [6,3,5,13,14,8,4] and also references there.

2. Meromorphic extension of ratios of formal power series

We describe in this section one of the main tools (Theorem 2.4 below and its application Theorem 2.5)
needed for the proofs of the above mentioned results (see [12] for details). One of the main novelties of this
part compared to previous related work lies in the study of convergence properties of ratios of formal power
series rather than of the series themselves. It is natural to call such a ratio convergent if it is equivalent to
a ratio of convergent power series. However, for our purposes, we need a refined version of convergence
along a given submanifold which may be described as follows.

For any formal power serieg = F(t) € C[t] in t = (r1,...,1,) and any nonnegative integér we
denote byj* F its k-jet, i.e.,the formal power series mapping corresponding to the collection of all partial
derivatives ofF up to orderk. For F(t), G(¢) € C[t], we write (F : G) for a pair of two formal power
series thinking of it as a ratio, where we allow both series to be zero.

DEFINITION 2.1.— Let(F1:G1), (F2: G2) be ratios of formal power series in= (¢4, ...,t,), and
S c C" be a (germ of a) complex submanifold through @". Given a positive integet, we say that the
ratios(F1 : G1) and(F; : G») arek-similar alongs if (j*(F1G2 — F2G1))|s = 0.
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The precise notion of convergence along a given submanifold is then given by the following.

DEFINITION 2.2.— LetS ¢ C" be a complex submanifold through the origin afid), G(¢) € C[t],
t=(t1,...,1;). Theratio(F : G) is said to beconvergent along if there exist a nonnegative integeand,
for any nonnegative integér convergent power seridg (1), G (¢t) € C{t}, such that the ratioFy, : Gy) is
k-similar to (F : G) alongs$ and(j! (Fy, Gx))|s # 0.

The notion of convergence of a ratio of formal power series along a submanifold introduced in
Definition 2.2 extends in an obvious way to formal power series defined on a (germ of a) complex
manifold X’. With this refined notion of convergence, we are able to conclude in the following proposition
the convergence of a given ratio along a submanifold provided its convergence is known to hold along a
smaller submanifold and under suitable conditions on the ratio.

PROPOSITION 2.3. — Let X and ) be complex manifolds and: ) — X a holomorphic submersion
with yo € V. Let S ¢ Y be a complex submanifold througly and (F : G) a ratio of formal power
series onX’, centered atvg := v(yp), whose pullback under is convergent along. Letn : X — C be
a holomorphic submersion onto a complex maniftol®efine

Y= {(y,x) ey x X:n(v(y)) :n(x)}, S:= {(y,x) eY:ye S}, vV: Y3, x)—>xeX.
Assume that one of the following conditions hold

(i) theratio(F : G) is equivalent to a nontrivial ratida o n : 8 o ), wherea and 8 are formal power
series orC centered at)(xp);

(i) the ratio (F : G) is equivalent to a nontrivial ratio of the forro® (Y (n(x)), x) : ¥ (Y (n(x)), x)),
whereY is aC"-valued formal power series @hcentered at)(xg) and ®, W are convergent power
series centered aft (xg), xg) € C" x X. B

Then the pullback of F : G) underv is convergent along.

Another novelty of our techniques consists of applying the convergence results given by the previous
proposition to ratios defined on iterated complexifications of real-analytic submanifolds (in the sense of
[17,18]) rather than on single Segre sets (in the sense of [2]) associated to given fixed points. The choice of
iterated complexifications is needed to guarantee the nonvanishing of the relevant ratios that may not hold
when restricted to the Segre sets. These tools are then used to obtain the convergence of a certain type of
ratios of formal power series that appear naturally in the proofs of Theorems 1.1 and 1.2. This is done in
Theorem 2.5 that is, in turn, derived from Theorem 2.4 below which is established in the following more
general context of a pair of submersions of a complex manifold.

Let X, Z andW be complex manifolds and: X — Z, u : X — W be holomorphic submersions. Set
X© = x and for any integet > 1, define the (odd) fiber product

XD = {(z1, ... zz41) € X p(za1) = plzay), Mzzs) = A(zar1), 1<s <U}. (21)
It is easy to see that” c X?*1 is a complex submanifold. Letj(.’) be the restriction tot® of the

natural projection to thg-th component, X j < 2/ + 1, and denote by : ¥) > Z andi: X¥© - W
the maps defined by := 4 o w, L= pony), 1. Then, for every € X, we setr® := (x,...,x) € X®
andD;(x) := A1 (a(x®)) and E; (x) := (1 (x?)) are complex submanifolds o¢®. We say in this
setting that the pai(x, 1) of submersions i®f finite typeat a pointxg € X if there existslp > 1 such
that the mapi10|Dlo(xO) has rank equal to dil at some points of the intersectid), (xo) N Ej,(xo) that

are arbitrarily close to:é’O). We may now formulate the main tool of this section which is the following

meromorphic extension property for ratios of formal power series. It was inspired by an analogous result
from [10] in a different context but its proof is however completely different and consists of repeatedly
applying Proposition 2.3.
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THEOREM 2.4.— Let X, Z, W be complex manifolds and: X — Z, u: X — W be a pair of
holomorphic submersions of finite type at a poipte X'. Consider formal power serieB(x), G(x) on
X centered atxg of the formF(x) = ®(Y (L (x)),x), G(x) = ¥ (Y (L(x)), x), whereY is a C"-valued
formal power series oV centered af (xg) and ®, ¥ are convergent power series @ x X centered at
(Y (A(x0)), x0). Suppose thatr = 0 and thatL(F/G) = 0 holds for any holomorphic vector field on X
annihilatingu. Then(F : G) is equivalent to a nontrivial ratio of convergent power series®iicentered
at xp).

As mentioned above, the main example of this setting is given by the case¥isg¢he complexification
M c CN x CV of a real-analytic generic submanifold ¢ C" through the origin, where a pair of
submersionsi, ;1) on M is given by the projections on the last and the first compo@éntespectively.
In this case, we call any holomorphic vector fielddf x CV annihilating the submersigna (0, 1) vector
field and the construction o¥® yields the iterated complexificatioh? as defined in [17]. The images
w(Dy(x)) turn out to be the Segre sets in the sense of Baouendi, Ebenfelt and Rothschild [2] and their
minimality criterion says thad/ is minimal if and only if the Segre sets of sufficiently high order have
nonempty interior. The last condition can also be expressed in terms of ranks and turns out to be equivalent
to saying that the corresponding pair of submersiong.) defined above is of finite type atOM (see
[2,3]). Therefore, an immediate application of Theorem 2.4 to that setting yields the following.

THEOREM 2.5. — Let M c CV be a real-analytic generic submanifold througand M C (C%’ X (C?’
its complexification. Consider formal power seri€$Z,¢), G(Z,¢) € C[Z, ¢] of the formF(Z,¢) =
DY), 2), G(Z,t) =V (Y (), Z), whereY(¢) is a C"-valued formal power series ané, ¥ are
convergent power series centered #{(0), 0) € C" x CN with G(Z, ¢) # 0for (Z, ¢) € M. Suppose that
M is minimal at0 and that£(F/G) =0onM (i.e., FLG — GLF = 0on M) for any (0, 1) holomorphic
vector field tangent toV1. Then there exist convergent power serR(s‘Z) G(Z) e C{Z}, with G(2) #0,
such that the ratiogF : G) and(F G) are equivalent as formal power series a1 (i.e., FG—-FG=0
onM).

3. Description of the proof of Theorems1.1and 1.2

Let f: (C , D) — ((CZ/,p/) be a formal (holomorphic) map, i.e., the dataMfformal power series
f(Z)=(f1(Z),..., far(Z)) centered ap, with f(p) = p’. In what follows, we will assume that and
p’ are the origin in(CN and CV' respectively and denote b§{r} (resp.C][¢]) the ring of convergent
power series (resp. formal power serieshiwariables,r € C". For f as above, we say that a germ at
(0,00 CN x CN ofa holomorphic functiork vanishes on the graph gfif the identitya(Z, f(Z)) =0
holds in the ringC[Z]. We define theZariski closureassociated tg” (with respect to the rin@{Z}[Z'])
as the gerng; C CN x CM at(0,0) of a complex-analytic set defined by the zero-set of all elements in
C{Z}[Z'] vanishing on the graph of. We shall denote by.(f) the dimension of the Zariski closu&y.

The integeru(f) is relevant for the study of the convergencefafsince it follows easily from Artin’s
approximation theorem [1] that(f) = N if and only if f is convergent (see, e.g., [3,13]). Moreover, we
may assume that the Zariski closufe can be represented by an irreducible closed analytic subset (over the
ring C{Z}[Z'] and also denoted b ;) of A) x CV', whereA) is a sufficiently small polydisc centered
at0e CV.

By the construction of the Zariski closuggy, any (germ at0, 0) of a) holomorphic function vanishing
on Z¢ vanishes on the graph gfand therefore, an application of Artin’s approximation theorem [1] yields
for any positive integek, a convergent (holomorphic) power serig$s, whose graph is contained .

We may assume that each serj&sis convergentin a pondisAé‘fK C AS’ containing the origin and we
denote the graph of“ by I' s« :={(Z, f“(Z2)): Z € AS{K}. The main point of the proof consists of showing

that if f sends a generic real-analytic minimal submanifeld- CY into a real-algebraic subs&ét’ c CV'
(both through the origin), then necessarily there exists a suitable union of local real-analytic irreducible
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components of the real-analytic subsgt N (M x CM') that is contained in¥ x M’ and that contains
[pe N(M X CN', for all « sufficiently large. The precise statement is given by the following result.

THEOREM 3.1.— Let f : (CY,0) — (C%’,’,O) be a formal map,Zy the Zariski closure associated
to f and (f*).>o0 the convergent maps given above. MtC CN be a minimal real-analytic generic
submanifold through the origin. Assume tifasendsM into M’ whereM’ c CV' is a real-algebraic subset
through the origin. Then, after shrinking around the origin if necessary, there exist a positive integer
and an appropriate uniox ; of local real-analytic irreducible components 8fr N (M x CM') such that
for anyx > ko, I' g« N (M x cVy ¢ Zy C M x M’ and such thaZ s satisfies the following straightening
property: for anyx > ko, there exists a neighborhoad” of 0 in M such that for any poinZg in a dense
open subset oM, there exists a neighborhoddy  of (Zo, f*(Zo)) in CN x CM and a holomorphic

change of coordinates i’ of the form(Z, Z') = ®(Z, Z') = (Z,¢*(Z. Z')) € C¥ x CV" such that
Z;NUs ={(2.2)eUs :ZeM, Z}, == Z), =0}, wherem = u(f) — N.

One of the ingredients of the proof of Theorem 2.5 strongly relies on the meromorphic extension property
proved in Theorem 2.5. With Theorem 3.1 at our disposal, it is then not difficult to derive Theorem 1.2 from
the closedness of the s&t(see, e.g., [7,9]) as well as Theorem 1.1 (see [12] for details).

1k Meylan was partially supported by Swiss NSF Grant 2100-063464.00/1.
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