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PARAMETRIZATION OF LOCAL CR AUTOMORPHISMS
BY FINITE JETS AND APPLICATIONS

BERNHARD LAMEL AND NORDINE MIR

1. INTRODUCTION

The goal of this work is to study the structure of the group of all local real-
analytic CR automorphisms of a germ of a real-analytic hypersurface (M,p) in
C¥ or, equivalently, of all local biholomorphisms H: (CV,p) — (CV,p) mapping
the germ (M, p) into itself; we also deal with the more general situation of a real-
analytic CR manifold of arbitrary codimension (see §2)). For every fixed point
p € M, we refer to this group of local biholomorphisms as the stability group
of (M,p) and denote it by Aut(M,p). Endowed with the topology of uniform
convergence on compact neighbourhoods of p, it becomes a topological group. This
natural (inductive limit) topology can be described in the following way: a sequence
of germs of biholomorphisms (H;) C Aut(M,p) converges to another such germ
H € Aut(M, p) if there exists a neighbourhood U of p in CV to which all mappings
H; extend holomorphically and such that H; — H uniformly on U.

This group arises in a variety of different circumstances; one of the most im-
portant ones where it naturally appears is the biholomorphic equivalence problem,
which consists in deciding whether two given germs of real-analytic hypersurfaces
are biholomorphically equivalent. The biholomorphic equivalence problem has been
studied since the beginning of the last century when Poincaré [37] observed, proba-
bly for the first time, that two real hypersurfaces in CV for N > 2 are not necessar-
ily locally equivalent via a holomorphic transformation (though they are via a C*°
transformation). Today, the biholomorphic equivalence problem for strongly pseu-
doconvex (or Levi-nondegenerate) hypersurfaces is pretty well understood, based
on the works of E. Cartan [I4] I5] in dimension two, and the results of Tanaka [42]
and Chern—Moser [I7] in arbitrary dimension.

Thanks to the works initiated in the 1970s, a number of remarkable properties
of the stability group of strongly pseudoconvex real-analytic hypersurfaces have
been discovered (see e.g. the surveys by Vitushkin [45], Huang [30] and Baouendi,
Ebenfelt and Rothschild [5] for complete discussions on this matter). These prop-
erties depend on whether the germ (M, p) can be biholomorphically mapped onto
a piece of the unit sphere; if there exists such a biholomorphism, one says that
(M, p) is spherical. For instance, if (M, p) is not spherical the group Aut(M,p) is
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compact (see Vitushkin [44]); every element of such a group is uniquely determined
by its derivative at p and also extends holomorphically to a fixed neighbourhood
(independently of the automorphism) of p in CV. On the other hand, if (M, p) is
spherical the group Aut(M,p) is not compact and every local CR automorphism
of (M,p) is uniquely determined by its 2-jet (but not 1-jet) at p. Beyond their
interest in their own right, these local results also have direct applications to global
biholomorphic mappings of strongly pseudoconvex bounded domains with smooth
real-analytic boundaries by the classical reflection principle [23] [35, [36].

There are two main approaches to deriving results about the stability group
of a strongly pseudoconvex (or Levi-nondegenerate) real-analytic hypersurface in
C™. One consists in using the powerful Chern-Moser theory (see for example the
results of Burns and Shnider [I2] and the survey by Vitushkin [45]). The other one,
initiated by Webster [46], uses the invariant family of Segre varieties attached to
any real-analytic hypersurface in a complex manifold.

While it seems difficult to extend the first approach to understand the struc-
ture of the stability group of Levi-degenerate hypersurfaces (see e.g. Ebenfelt [21]),
the second one can be carried over to that setting, as first observed by Baouendi,
Ebenfelt and Rothschild [2]. In fact, it was shown in [2] that many interesting
properties of the stability group of a germ of a real-analytic hypersurface (M, p)
may be obtained after showing that its local CR automorphisms are parametrized
(in a suitable sense) by their jets at p of some finite order. Such a program was
successfully carried out in [2} 47, [3] for some classes of real-analytic Levi-degenerate
hypersurfaces and even CR manifolds of arbitrary codimension. However, the de-
generacies allowed for the hypersurface M in these results are quite restrictive and
in particular fail to hold at every point of real-analytic hypersurfaces of CV con-
taining no complex-analytic subvariety of positive dimension. Such a class of real
hypersurfaces is of particular interest since, by a well-known result of Diederich and
Fornzess [19], boundaries of bounded domains with smooth real-analytic boundary
are of this type.

In dimension N = 2, the stability group of such real hypersurfaces has recently
been studied by Ebenfelt, Zaitsev and the first author in [22], where it was shown
that their local CR automorphisms are analytically parametrized by their 2-jets.
In this paper, among other results, we show that such a parametrization property
by k-jets holds at every point of arbitrary real-analytic hypersurfaces containing no
complex-analytic subvariety of positive dimension and for some k depending on the
point (see Theorem [LT).

In what follows, for every integer k and every pair of points p,p’ € CV, we denote
by G’;p, (CN) the group of all k-jets at p of local biholomorphisms H: (CV,p) —
(CN,p"). Given coordinates Z = (Zi,...,Zy) in CN we will usually identify the
k-jet j¥H of a local biholomorphism H at p with

ol H
-k o

If, in addition, M, M’ are real-analytic hypersurfaces of CV or more generally real-
analytic generic submanifolds of the same dimension with p € M and p’ € M’,
we denote by F(M,p; M’ p') the set of all germs at p of local biholomorphisms
H: (CN p) — (CV,p') sending M into M’.
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The purpose of this paper is to provide general conditions on a real-analytic
generic submanifold M C CV so that for every p € M and every M’ and p’ as
above, the set of mappings F(M,p; M’,p’) is analytically parametrized by a finite
jet at p. Our results are best illustrated in the hypersurface case by the following
theorem, which was the main motivation of the present work.

Theorem 1.1. Let M be a real-analytic hypersurface in CN containing no complez-
analytic subvariety of positive dimension. Then for every real-analytic hypersur-
face M' C CN, every p' € M’ and every p € M, there exist an integer ¢y

(depending only on M and p), an open subset Q C CN x Gf)f’p/ (CN) and a real-
analytic map V(Z,A): Q — CN, holomorphic in the first factor, such that for any
H e F(M,p; M',p"), the point (p, jﬁpH) belongs to Q and the following identity
holds:

H(Z)= \IJ(Z7jf;”H) for all Z € CN near p.

Furthermore, £,, can be chosen so that it depends upper-semicontinuously on p.

Our first application of Theorem [[T] concerns the group Aut(M,p). By using
standard arguments from [3], we obtain a Lie group structure on Aut(M,p) com-
patible with its topology.

Theorem 1.2. Let M be a real-analytic hypersurface in CV containing no complea-
analytic subvariety of positive dimension. Then for every p € M, there exists an
integer £y, depending upper-semicontinuously on p, such that the jet mapping

0, . 0, (N
(1.1) Jpr s Aut(M, p) — G2, (CT)

s a continuous group homomorphism that is a homeomorphism onto a real-algebraic
Lie subgroup of Gﬁf’p((CN).

We should mention that the real-algebraicity of the Lie group Aut(M, p) in The-
orem does not follow directly from Theorem [[T] but from the more precise
version given by Theorem [ZT] in §2] below. Another noteworthy consequence of
Theorem [[2]is the finite jet determination of local CR automorphisms of (M, p) by
their £,-jet at p. As stated, this finite jet determination property would appear as
already known since the existence of some integer k for which the finite determina-
tion holds follows from the work of Baouendi, Ebenfelt and Rothschild [4]. However
the proof given in [4] does not give any information on the dependence of the jet
order required with respect to a given point of the hypersurface. The existence of
an integer ¢, depending upper-semicontinuously on p for which the mapping given
by () is injective is completely new and crucial in order to get the following.

Theorem 1.3. Let M be a compact real-analytic hypersurface in CN. Then there
is an integer k, depending only on M, such that for every p € M and for every
real-analytic hypersurface M' C CV, smooth local CR diffeomorphisms mapping a
neighbourhood of p in M into M’ are uniquely determined by their k-jets at p.

Theorem [[3] follows from the upper-semicontinuity of the map p — ¢, in The-
orem [[2] the fact that compact real-analytic hypersurfaces do not contain any
holomorphic curves [I9] and from the regularity result for smooth CR diffeomor-
phisms proved in [7]. For proper holomorphic mappings of bounded domains with
smooth real-analytic boundaries, we also obtain the following rigidity result as a
consequence of Theorem
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Corollary 1.4. Let Q C CV be a bounded domain with smooth real-analytic bound-
ary. Then there exists an integer k, depending only on the boundary 02, such that
if H: Q — Q is a proper holomorphic mapping extending smoothly up to ) near
some point p € O which satisfies H(z) = z + o(|z — p|*) when z € Q and z — p,
then H is the identity mapping.

Corollary T4 can be viewed as a boundary version of H. Cartan’s uniqueness
theorem [I6] and seems to be new even in the case of weakly pseudoconvex do-
mains (see e.g. [13, 29] 28]). Note that the smooth extension up to the boundary
assumption is known to hold automatically near every point p € 9f) in many cases,
e.g., if Q is weakly pseudoconvex (see [8] for more on that matter). For bounded
strongly pseudoconvex domains with C* boundary, more precise results are known
from the work of Burns and Krantz [I3] (see also Huang [29, 2§]).

2. RESULTS FOR CR MANIFOLDS OF HIGHER CODIMENSION AND MAIN TOOLS

We state here our results for real-analytic generic submanifolds of higher codi-
mension from which all theorems mentioned in the introduction will be derived.
Recall that a CR submanifold M of CV is called generic if T,M + J(T,M) = T,CN
where J is the complex structure map of CV and T,M (resp. T, p(CN ) denotes the
tangent space of M (resp. of CV) at p (see e.g. [10, §]).

In order to state our results, we need to impose two nondegeneracy conditions
on a given real-analytic generic submanifold M C CV. We shall assume that M
is essentially finite in the sense of [7] and minimal in the sense of [43] at each
of its points (see §7.1] for precise definitions). Such conditions are very natural
and hold in general situations for compact as well as noncompact real-analytic CR
submanifolds in complex space. For instance, if M does not contain any complex-
analytic subvariety of positive dimension, then M is necessarily essentially finite
and also automatically minimal when M is furthermore of (real) codimension one
(see e.g. [§]).

Our first result in this section is the following.

Theorem 2.1. Let M be a real-analytic generic submanifold of CV that is essen-
tially finite and minimal at each of its points. Then for every real-analytic generic
submanifold M' C CN, every point p' € M’ and every p € M, there exists an inte-
ger £, (depending only on M and on p), an open subset Q C CN x Gf)f’p, (CN) and a
real-analytic map W(Z,\): Q — CN holomorphic in the first factor, such that the
following hold :
(i) for any H € F(M,p; M',p') the point (p,jf;”H) belongs to Q0 and the fol-
lowing identity holds:
H(Z)= \IJ(Z,jf;PH) for all Z € CN near p;
(ii) the map M > p — £, € N is upper-semicontinuous;
(iii) the map U has the following formal Taylor expansion:

P,(A,A)
2.1 V(ZA) = 2 (7 —p),
24 M= 2 @ manys C P

where for every o € NN | s, and ro, are nonnegative integers, P, and D are
polynomials in their arguments, A' denotes the linear part of the jet A and
D(j H) # 0 for every H € F(M,p; M',p').
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To our knowledge, Theorem 2.1]is already new even in the case of real hypersur-
faces in CV. (For N = 2, Theorem 2] (i) with ¢, = 2 is one of the main results of
[22].) On the other hand, for CR manifolds of codimension greater than one, only
special cases of Theorem 2] (including the Levi-nondegenerate case) were known
as consequences of the works in [47] 3].

As in {1l we also derive from Theorem [2.I] a Lie group structure on the stability
group of any essentially finite minimal real-analytic generic submanifold of CV.

Theorem 2.2. Let M be a real-analytic generic submanifold of CN that is essen-
tially finite and minimal at each of its points. Then for every p € M there exists
an integer £,, depending upper-semicontinuously on p, such that the jet mapping

0. 6 (N
(2.2) gyt s Aut(M,p) — G2, (C)

s a continuous group homomorphism that is a homeomorphism onto a real-algebraic
Lie subgroup of Gﬁf’p((CN).

Even in the case of real hypersurfaces M C CY which do not contain any
complex-analytic subvariety of positive dimension with N > 3, the fact that
Aut(M,p) is a Lie group was an open problem. Note also that the fact that
the image of Aut(M,p) under the jet mapping jﬁp is a real-algebraic subgroup
of Gf,’,’p((CN ) follows from the rational dependence of the parametrization ¥ with
respect to the jet A in Theorem 2] (iii) (see §ITl), which is new even in the case
N = 2. For submanifolds of higher codimension only special cases of Theorem
were known from the works [47, [3]. We should point out that even in these special
cases the jet order £, given by our Theorem can be computed explicitly (from
integer-valued biholomorphic invariants of (M,p)) and is always smaller than the
jet order required in the papers [47, [3]. For details on that matter we refer the
reader to §§7.2H7.3l We would also like to recall that the statement concerning the
injectivity of the mapping given by (Z2) is also new by itself since a choice of an
upper-semicontinuous bound on the jet order required to get injectivity does not
follow from the work [4]. The following finite jet determination result for compact
real-analytic CR manifolds can be viewed as a higher-codimensional version of The-
orem [[.3 and is a direct consequence of the possibility of an upper-semicontinuous
choice of £,,.

Theorem 2.3. Let M be a compact real-analytic CR submanifold of CN minimal
at each of its points. Then there is an integer k, depending only on M, such that
for every p € M and for every real-analytic CR submanifold M' C CN with the
same CR dimension as that of M, smooth local CR diffeomorphisms mapping a
neighbourhood of p in M into M’ are uniquely determined by their k-jets at p.

Let us explain now in some greater detail the main new difficulties faced in this
paper compared to previous related work. The first main ingredient of the proof
of Theorem 2] relies on the full machinery of the Segre sets technique introduced
by Baouendi, Ebenfelt and Rothschild [8] [3]. In order to use such a tool one needs
to show that every local biholomorphism fixing a germ of a submanifold (M, p)
(satisfying the conditions of the theorem) as well as all its jets, when restricted to
any Segre set attached to p, is analytically parametrized (in a suitable manner) by
its jet at p of some finite precise order. However, in order to realize such a program,
one immediately runs into the problem of inverting certain families of parametrized
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maps with singularities in multidimensional complex space, a phenomenon that does
not appear in all previous related work. Here the existence of such singularities
comes directly from the high Levi-degeneracy allowed for the submanifold M in
Theorem 2l To overcome this difficulty, we will be led to consider precise types
of linear and nonlinear singular analytic systems of equations near the origin in
C™. The most difficult types of singular systems we end up with are of the form
A(w(z)) = b(z), where A,b: (C*,0) — (C™,0) are germs of holomorphic maps
with A = A(w) of generic rank n and one wants to solve such a system for a
biholomorphism w: (C",0) — (C™,0); the solution(s) should, for our application,
preserve the dependence of b on arbitrary deformations, that is, any continuous
(resp. smooth, resp. holomorphic) perturbation of the term b should lead to a
solution w = w(z) that behaves in the same manner. Unfortunately, there is, to
our knowledge, no general theory to deal with this situation, so we have to develop
our own machinery to parametrize the invertible solutions of such singular systems.

Since our solution to the above problem may be of independent interest, we in-
troduce some notation which allows us to present it in a particularly simple manner.
It is useful here to work in the context of holomorphic maps of infinite-dimensional
complex vector spaces. Let H(C™,0) be the space of germs of holomorphic maps
H: (C"0) — C" n > 1, endowed with the topology of uniform convergence on
compact neighbourhoods of the origin; here again, a sequence of germs of holomor-
phic maps (H;) converges to another such germ H if there exists a neighbourhood W
of the origin in CV to which all H ;j extend holomorphically and such that H; — H
uniformly on W. With such a topology, the space H(C"™,0) carries the structure of
an infinite-dimensional topological complex vector space being an inductive limit
of Fréchet spaces (see §5.1] for more details). Let H(C™,0)° be the subspace of
elements of H(C",0) preserving the origin and B" be the open subset of H(C",0)°
consisting of the germs of biholomorphic maps (preserving the origin).

Given any A € H(C",0), composition with A naturally yields a (holomorphic)
map A, : B® — H(C™,0) given by A, (u) := Aou for u € B*. Our above-mentioned
problem calls for the construction of a holomorphic “left inverse” to A, that is, a
holomorphic map ¥: H(C",0) — B™ satisfying V(A,u) = u. Here holomorphy of a
map f: X D Q — Y between locally convex topological complex vector spaces X,Y
with £ open in X is understood in the sense of [20, Definition 3.16]: f is holomorphic
if it is continuous and its composition with any continuous linear functional on Y
is holomorphic along finite-dimensional affine subspaces of X intersected with €.

Since the mapping A, is obviously not injective in general, there is of course
no hope to find such a left inverse. However, it was recently shown by the first
author in [34] that the holomorphic map A, x ji: B" 3 u — (A.(u),u'(0)) €
H(C™,0) x GL,(C) is injective when A is of generic rank n. (As usual, GL,(C)
denotes the group of invertible n x n matrices and jiu = u/(0) the differential or
1-jet of w at the origin.) It thus makes sense to try to find a left inverse to that
latter map. Our solution provides such an inverse that we also call parametrization.

Theorem 2.4. Let A: (C",0) — C" be a germ of a holomorphic map of generic
rank n. Then there exists a holomorphic map ¥: H(C",0) x GL,(C) — B™ such
that ¥ satisfies U(A.u, v’ (0)) = u for all w € B™; furthermore, ¥ can be chosen so
that it satisfies j& (¥ (b, X)) = X for every b € H(C™,0) and A € GL,(C).

This result provides us the necessary information about the structure of the
invertible solutions to the equation A(w) = b(z) and allows us to proceed with the
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construction of the parametrization of the automorphism group of CR manifolds.
The fact that we are even able to parametrize the solutions of the above type of
equations precisely by their 1-jets is one of the main reasons why we succeed in
getting an upper-semicontinuous dependence of the integer ¢, on p in Theorem 211
Another result in the spirit of Theorem [Z4] for a certain kind of linear singular
system that we also need is Proposition [6.3] which provides the parametrization of
this type of equations. In both cases, we need a very careful construction of such a
parametrization (which in the case of Theorem 2.4]is provided by the more precise
Theorem [B]) in order to prove statement (iii) of Theorem 211

The paper is organized as follows. We start by providing the necessary back-
ground on parametrization of nonlinear singular systems in §3t the proof of the
precise results in that section and the proof of Theorem 24 are given in §1-§5] (fol-
lowing the development of some necessary material on homogeneous polynomials
in §4.10); we also include an additional application of Theorem 24 in §5.21 In §6
we treat the necessary case of a different (and simpler) type of singular systems,
namely linear ones, following the approach in the nonlinear case.

After that, we proceed with the construction of the parametrization of the auto-
morphism group of CR manifolds. In §7lwe introduce a class of real-analytic generic
submanifolds which is more general than the class of essentially finite ones. After
discussing a few properties of this class of submanifolds and giving several exam-
ples, we state the most general parametrization theorem of this paper (Theorem
[73) which holds for the stability group of any submanifold of the above-mentioned
class. The proof of Theorem [(3] is furnished in §8-I0 and is completed in §IT]
where we also prove all the remaining theorems stated in §I}-§21

Remark 2.5 (Jet space notation). Jet spaces of various kinds will be encountered
frequently in this paper. For a complete discussion, we refer the interested reader to
e.g. [25] or [11]. Here we will use the following notation: for positive integers n, k, [,
we denote by J{(C™, C¥) the jet space at the origin of order I of holomorphic map-
pings from C" to C*. For a germ of a holomorphic map h: (C",0) — C¥, we denote
by jbh the I-jet of h at 0. If k = n, we simply write J}(C") for J(C",C"). The jet
space of holomorphic mappings (C",0) — (C*,0) will be denoted by J§ ,(C™, CF),
or simply J§,(C") if n = k. We have already introduced Gf ,(C™) above as our
notation for the jet group of order ! of biholomorphic mappings (C"*,0) — (C™,0).

3. PARAMETRIZING INVERTIBLE SOLUTIONS
OF NONLINEAR SINGULAR ANALYTIC EQUATIONS

We will derive Theorem [2.4]in §5 from the more precise result given in Theorem
B0 below. For every C*-valued (homogeneous polynomial) map f: C* — C*, and
for any bounded set F' C C*, we define

— < J — (1 k
fllp = max sup [f()], f= (500 7).
Theorem 3.1. Let A: (C",0) — C" be a germ of a holomorphic map of generic
rank n. Then there exists an integer €y and for every integer £ > 0 polynomial
mappings pe : C" x GL,(C) x JgOH((C") — C", homogeneous of degree £ in their
first variable, and an integer x(£) such that for every germ of a holomorphic map
b: (C*,0) — C", if u: (C™0) — (C™,0) is a germ of a biholomorphism satisfying
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A(u(z)) = b(z), then necessarily

(3.1) up(z) = ! jlotep),

W?e(z,u/(o),jo

where u(z) = 45, ue(z) is the decomposition of u into homogeneous C"-valued
polynomial terms. Furthermore, the polynomial maps py and the integers k(£) can
be chosen with the following two properties:

(i) for every germ of a holomorphic map b: (C™,0) — C" and for every \ €
GL,(C),

(3.2) p1(z, A, J0T0) = Az, and k(1) = 0;

(i) there exists a polydisc A C C™ centered at the origin such that for every
C > 0 and every compact subset L C GL,(C) there exists K > 0 such that
for every X € L and every germ of a holomorphic map b: (C*,0) — C"
written into homogeneous terms b(z) = Y~ br(2) satisfying ||bg| , < C*
for all k € N, we have for all { > 1, B

pe(5 A J%Mb) ¢
(et )@ || =5

(3.3)

As explained in §0l to every choice of polynomial mappings (p¢) and integers
(k(£)) satisfying the conclusion of Theorem BI], the map

A, jlotty
(3.4) =Y pe(: = ;0 el A Jo” ) gm0y, A e GLY(C),
£>1

will be a holomorphic parametrization satisfying the conclusions of Theorem 2.4l

Let us add that it follows from the proof of Theorem [B.]] that we can choose
k(¢) = £pl. However, the exact value of k is not important for our purposes. If in
Theorem BTl we just consider formal maps A instead of holomorphic ones the above
theorem remains true in the formal category without the estimates in (ii). In fact,
we have a formal counterpart of the above theorem as follows. Consider a formal
power series mapping A as in Theorem ] (not necessarily convergent) and the sets
H(C",0)¢ and B} of C"-valued formal holomorphic maps and formal biholomorphic
maps preserving the origin respectively. For A as above, let (p¢) and (x(¢)) satisty
the conclusion of Theorem [B] (i). Then for every A € GL,(C) and every b €
H(C™,0)¢, formula (34) defines a formal power series mapping that belongs to B}
and satisfies ¥(A,u,u'(0)) = u for u € B}. If we consider b’s which are elements of
R][z]] for some algebra R over C, then we get that U(b, A) € R () [[z]]. This means
that the obtained parametrization ¥ also preserves the dependence on parameters
in a formal way.

As mentioned before, the obtained parametrization in Theorem [2.4] or Theorem
B allows us to consider arbitrary perturbations on the right-hand side of the
singular system. For the purposes of this paper, the dependence on holomorphic
parameters given in Corollary below is crucial: the precise result can be derived
from Theorem Bl and Lemma [5.I] but we note that Corollary (i) also follows
directly from Theorem 2.4

Corollary 3.2. Let A: (C",0) — C" be a germ of a holomorphic map of generic
rank n, X a complex manifold, and b = b(z,w) be a C™-valued holomorphic map
defined on an open neighbourhood of {0} x X C C™ x X. Then there exists a
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holomorphic map T' = T'(z,\,w): C* x GL,(C) x X — C", defined on an open
neighbourhood 0 of {0} x GL,(C) x X, such that if u : (C*,0) — (C™,0) is a
germ of a biholomorphism satisfying A(u(z)) = b(z,wp) for some wy € X, then
necessarily u(z) = I'(z,4'(0),wp). Furthermore, the map I' can be chosen with the
following properties :

(i) for every (\,w) € GL,(C) x X, T'(0, \,w) =0 and T, (0, \,w) = ;
(ii) if we write the Taylor expansions

Tz, \w) = Z To(A,w)z%  b(z,w) = Z b (w)z,

aeN”? aENn

then there exists an integer by and for every o € N™ nonnegative integers
ko and polynomial mappings pe: GL,(C) X Jé"HO"((C”) — C" such that

Pa(A, (bs(W))|51<to+]al) '

(3.5) To(\w) = R

An outline of the proof of Theorem Bl is as follows. First (in Lemma [L3]), we
show that we may assume that the lowest-order homogeneous terms of A are gener-
ically independent. Such a reduction then allows us to linearize our initial system
by considering homogeneous expansions of the power series involved in the system.
By using elementary linear algebra on vector spaces of homogeneous polynomials,
one may then conclude the formal part of the proof. However, for the last and more
tedious part of the proof, namely the convergence part (given by Theorem [31] (ii)),
a more careful analysis of the formal part is required in order to get the needed
estimates, which are obtained by using a majorant method.

Let us again summarize the organization of the material in the following sections.
In 471 we introduce the notation and collect all the necessary facts about homoge-
neous polynomials needed for the proof of Theorem [3.1} a particular normalization
of the equations is discussed in §4.2] and the proof of Theorem [3.1]is completed in
43l In §5 we show how to derive Theorem [2.4] from Theorem B.Il §5.2] offers
another application of the above results, which can be seen as the continuous ver-
sion of Corollary In §6] we illustrate how the method of proof of Theorem [B]
can be used to give a precise result, which we also need, for the parametrization
of solutions of other types of singular systems (which are simpler, because they are
linear). This section actually serves as a guide to our proof of Theorem Bl the
steps being followed in precisely the same manner, but the technicalities involved
are much easier to deal with. As a consequence, the reader may prefer to start with
that part before going through the details of the proof of Theorem Bl

4. PROOF OF THEOREM [3.1]

4.1. Preliminary results about homogeneous polynomials. Let P, 4 be the
vector space of homogeneous polynomials of degree d > 0 in z = (z1,...,2,) € C",
n > 1. If n is fixed, we are dropping the n and simply write Py. Given any
positive integer m, note that the space P}’ can be identified with the space of all
homogeneous C™-valued polynomial maps of degree d. Given any bounded open
set {0 C C™ containing the origin, we are going to consider the following norms on
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the vector space Py:

I£lly =" [fal, where f(2) = > faz®,
\

|| =k al=d
[fllgq = sup.cq [f(2)].
Given (k1,...,kny) € N™ we consider the following norms on the cartesian product

Pklx...ka :

m

17l = max [P f= (e 7)€ Py,
1fllg = max [l f= (1 f7) 7 € Py
Let us first note the following fact:

Lemma 4.1. Let M = M(z) be an mxm matriz with holomorphic coefficients near
the origin in C", z = (z',...,2"). Assume that det M # 0 (in any neighbourhood
of 0) and that for every j = 1,...,m, the j-th row of M is formed by homogeneous
polynomials of degree k; > 0. Then there exists a bounded open set 2 C C" contain-
ing the origin and a constant C' > 0, only depending on M, such that for every d € N
and for all ky, ..., k,, there exists a linear operator B : Pyyyq X ... X Py, 1a — P
which is tnverse to matriz multiplication by M of norm at most C; that is, B
satisfies

(4.1)

|Bs|lq, < Cllsllq, for all s € Pryyax...XPg, +a, and B(M-p) =p for all p € Py".

After a linear change of coordinates (normalizing det M in the z™-direction), we
may actually assume that Q is a polydisc.

Proof. Let Z/\J\(z) denote the transpose of the comatrix of M(z), i.e., the matrix
satisfying

M(z) - M(2) = M(2) - M(2) = (det M(2)) I,
where I, is the identity matrix. In particular, for any d € N and for every p € P}*
we have

(det M (2))p(z) = M(z) - M(2) - p(2).

Since det M # 0, the Weierstrass division theorem (see e.g. [27]) implies that we
can find a linear change of coordinates (making the function det M z"-regular of
order r > 1) and, in the new coordinates, a polydisc A C C" centered at the origin
and a constant C' (depending only on M) such that for any holomorphic function
f holomorphic in a neighbourhood of A,

f=qdet M+ h,

where h is a unique polynomial in 2™ of degree < k, and ¢ (the quotient) is a unique
holomorphic function in A that satisfies ||g|]|, < C||f||». We define the map B by
associating to s € P, 44 X ... X Pr, 14 the quotient given by Weierstrass division
of M (2)-s(z) by det M. Tt is easily checked that this is a homogeneous polynomial

map of degree d, and it satisfies || Bs||, < C’HMSHA < C||s|| 5, for some constant

C > 0. This proves [@I]) on the open set  which corresponds to the polydisc in
the original coordinates. O
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In what follows we will make extensive use of Faa di Bruno’s formula, which will
only be needed for formal power series (so that we actually only use the multinomial
formula; we will still refer to it as Faa di Bruno’s formula). We give a statement in
this case (see e.g. [33]):

Proposition 4.2. Assume that f(t) = > a,t", g(z) = >, bgz?, and h(t) =
> s Cst® are three complex-valued formal power series in one variable with co = 0
and f(t) = g(h(t)). Then for every positive integer r, one has

o q' b, k k.
(4.2) CLT—chll,..cr :
where q =3, <<, kj and the sum goes over all nonnegative integers ki, ..., k. such
that o

ki +2ky + - 41k =7

We now turn to some estimates for homogeneous parts of compositions of certain
types of formal power series mappings. We use the following notation for decom-
posing a formal power series mapping u = (u!,...,u") : (CV,0) — (C",0), N > 1,
in Taylor series or into polynomial homogeneous terms:

43) w(Q) = Y ual* = u;(¢), u;(t¢) = t/u;(¢) for all (¢,{) € C x CV.
j=1

aeNN

In other words, for every j € N*, u; € (Pn;)". From time to time, we also use
the notation u|; to denote u; (especially when the expression of the power series
mapping u is long). For each component u* of u, we use an analogous notation
for the decomposition of ©* into homogeneous terms. Note that for every polydisc
A C C™ centered at the origin, we have HUNA < w5 for every k =1,...,n.

Given a homogeneous polynomial P € P, 4 (of degree d > 1) and a formal
power series mapping u: (CV,0) — (C",0), we want to estimate, for any j € N*,
the homogeneous part of order d+j—1 of the composition Pow which, in agreement
with the former notation, is denoted by (P o u)gy;—1.

Lemma 4.3. Let P € P, 4 and assume that u : (CN,0) — (C*,0) is a formal
power Series mapping whose decomposition into homogeneous terms is given by
@3), d > 1. Then for every polydisc A centered at the origin in CN and every
7 >1, we have

d! K ks
(4.4) (P o w)arjlla < IP[, D T pllulla -l ls
Lo k!

where the sum goes over all ki,...,k; such that ki +2ko +--- + jk; =d+j —1
and k1 +---+kj =d, and if j > 2, we also have

(4.5)
1P o et = (Pom) sl < 1P, Y el il
Lokjoq!
where the sum goes over all ki,...,kj_1, such that ki +2ko +---+ (j — Dk;—1 =
d+j—1 and ky+---+kj_1 = d. Here ((P' ouy) - u;) is the homogeneous polynomial

oP
of degree d+ j — 1 given by >."'_, (87 o ul) uf.
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Proof. We set v(t) :== >
have

(Pou)ayj( ZP (W) ]

jEn uj|| ,t7 € C[[t]]. Writing P(w) := Z‘a‘:d P,w®, we

d+j—1

:ZPa Do s (O gy (Qufan (€) e ().

@ S oms=d4j—1
Hence, taking the norms we get

[(Pou)itj—1lln = IgleagKP o u)atj—1(C)|

NS SR T N O N S N SR
o S oms=dtj—1

<Y P Y Nusalla- e llusren [allusalla - [smen (o
[ > oms=d+j—1

But since the length of every multi-index o € NV appearing in this equation is
exactly d, we get

I(Powarj—1lly <D |Pal > lluks o - llurall
o kit dka=d4j—1
<Pl > [kl - lukg ll A

kit-+ka=d+j—1
1 dd+] 1
< 1P gy =y | s O]
_ j—1
(d+j—1)! [dt —o

d! k ks
<Pl el s
Lokt

where the last sum goes over all ky, ..., k; such that by +2ky +---+jk; =d+j—1
and ki + - - + k; = d, by Proposition So we have proved ([@4]).

The proof of the second estimate (@3 is similar to what was done above for
([#4). Indeed note that one has

(4.6)  (Pou)gyj-1(¢) — (P'(ua(())) - u;()
=> Pu > i (O i (QuFen (€) - U, (€.

ST =d4j—1
1<6ms<j—1

Hence following the previous estimates, we get

[(Pow)grj—1— (P our) ujllo <[Pl > ey [l A - - kgl A
ki+-tka=d+j—1
1<k, <j
SIPI DS ol a0
the last sum going over all nonnegative my,...,m;_1 such that mq + 2mg +--- +
(j—1mj_1 =d+j—1and mi; +--- +m;_1 = d. The proof of Lemma [L3 is
complete. O

We will also need the following lemma, which, although a bit technical, is crucial
for our treatment.
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Lemma 4.4. Let s e N*, a >0, R>0,C>0,D >0 and v; > 0. Define v =0,
and forl > 2,

(s +d)! d ks ko1 I+s—1.
(47) D’Yl = ZWRG . 'Yl 1 + C ;
the sum is over all nonnegative integers ki, ..., ki1 satisfying > 1., ;1 k, > s

and k1 +2ko + -+ (I —Dki-1 =s+1—1, and we set s+d :=ky + -+ kj_1.
Then the (formal) power series leo yit! converges in a neighbourhood of 0.

Proof. We are going to show that Lemma [£4] is a consequence of Proposition
For this, we consider the following analytic equation where the unknown is a
complex-valued formal power series ¢(t) in one variable:

(48)  (Rori ™'+ D) Y(t) — (R(s — D + 3 D) — S otet = L2D°
I>s 1 N a(p( )

We claim that there exists a unique formal power series solution ¢(t) satisfying
([ER) with ¢(0) = 0 and ¢’(0) = ~;. For this, set ¢(t) :== Y_,5,Vit' and note that to
prove the claim it suffices to show that (£S]) holds for a uniquely determined choice
of the coefficients ;, [ > 2. This can be checked by comparing homogeneous terms
of the same order on both sides of (£8]). We first note that homogeneous terms of
order s on both sides of ([A38]) are identical. For m > 2, the homogeneous term of
order m + s — 1 in the left-hand side of (48] is given by

((Rsf)/i‘;_l + D)’Ym 4 Cersfl) thrsfl
while on the right-hand side such a term is of the form

(4.9) (Rsvy 'Y + Qun (71, -+ s Ym—1)) 571,

for some polynomial @,,. Hence ([A8) is satisfied by ¢(¢) if and only if for every
m > 2, Dym = Qm(71,- -, Ym—1) — C™F¢ which shows the existence of a unique
formal power series solution. Next, setting 1(t) := ¢(t)/t and

xS

F(x,t) := (Rsyi ' + D)z — (R(s — 1)v; + D) — ZC’ltl ¥ —
I>s
it follows from (L8] that ¢ satisfies the equation F'(¢(t),t) = 0. Since F is con-

1—atz’

oF
vergent and a—(fyl,()) = D # 0, from the implicit function theorem we get the
x

convergence of 1 and hence that of . (We take the opportunity here to thank
an anonymous referee for providing us a simple proof of the convergence of .)
To complete the proof of the lemma, we are left to check that the coefficients ~;,
[ > 2, satisfy ([@7)). For this, we want a more precise formula for the coefficient
given in ([49). To the right-hand side of (48], we apply Faa di Bruno’s formula
(Proposition [2]) with

Rz?®

1—ax’

h(t) = ¢(t), g(z) =
to obtain that

s— m+s— k+d'
(4.10) (Rsy{™ 4 D)y — C™ 41 = N ﬁRadvfl~w§1”,
k1, ko

where the sum goes over all nonnegative integers k1, . .., k, such that k1+. . .+k,, >
8y D 1<j<mJkj = s+m —1 and where s +d := 37, kj. (Indeed, one easily
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checks that since goh vanishes to order k, the k4, in (£2)) for 1 < j < s—1 vanish,
so we don’t have to write them.) Moreover, in view of (£9), the term on the right-
hand side of ([@I0) containing ~,, corresponds to k1 =s—1, ko =0,...,ky,_1 =0,
and k,, = 1, so that it is equal to Rsy; '7,,. Hence, (EI0) gives (@T). The proof
of Lemma [£.4] is complete. O

4.2. Reducing the initial system to a simpler one. Let
A(w) = (Al(w), cey A"(w))
be a C"-valued holomorphic map defined in a neighbourhood of the origin in C™.

Without loss of generality, we may assume that A(0) = 0. We decompose each A’
into homogeneous polynomials

(411)  Al(w)= > Af(w), Al (tw)=t"A¥(w), for all (t,w) € Cx C".
k>l€j

We will write A, = (A}CIHJFV, .. ,AZ"+1+V) for all v € N. The first problem we
have to face before proceeding to the proof of Theorem [B.1]is due to the fact that
even if A is of generic full rank, its lowest-order homogeneous terms need not be,
in general, of full rank too. This difficulty will be overcome by using the following

trick contained in [34]. For the reader’s convenience, we recall the proof.

Lemma 4.5. Let A be as above and assume that A is generically of full rank.
Then there exists a polynomial map P : (C™,0) — (C™,0) with the property that
the holomorphic map B: (C",0) — (C",0) given by B(w) := P(A(w)) has its
lowest-order homogeneous terms Bo(w) of generic full rank.

Proof. In what follows, for any local holomorphic map h : (C"*,0) — (C™,0), we
denote by h'(w) its Jacobian matrix at the point w.

Let e be the order of vanishing of det A’(w). We define D =e—3, ., k;. Then
clearly A satisfies det A # 0 if and only if D = 0. If D = 0 we are, therefore, done
and hence we may assume that det A = 0. In this case, the polynomials Aij 41
for j = 1,...,n are algebraically dependent over C (see e.g. [26]), that is, there
exists a nonzero polynomial p € Clzy,...x,] such that p(A}ﬁH, s AR ) =0
Since each Aij 41 is homogeneous of degree k; + 1, we may choose p to be weighted
homogeneous (where z; has weight k; 4 1) of lowest possible degree f. This means
that p(z1,...,2n) = D qenn Cax® With ai(ky +1) + ... + an(k, +1) = f and
therefore for all t € C, p(tF1 1 wy, ... thotlz)) = t/p(xy,...,2,). Without loss
of generality, we may also assume that p,, is nonzero. We now consider the map
A: (C™,0) — (C",0) given by A' = p(A), A7 = A7, j > 1 and claim that for this
map, the associated number Dis strictly smaller than that associated to A, namely
D. Indeed, first note that we have

det A'(w) = py, (AY(w), ..., A™(w)) - det A’ (w).
Moreover, by our choice of p, the order of vanishing of p,, (Al,..., A?) is exactly
f — (k1 + 1) and, therefore, the order of vanishing of det A’ is e + f — (k; + 1).
For j = 1,...,n, denote by /;j + 1 the order of vanishing of A7. Then by our
choice of p, one has k; +1 > f while k; = k; for j > 1. Thus we obtain D =
et f—(ki+1)—Fk — Yicj<n ki <e—321<j<nk; = D, proving the claim. This
in turn means that after a finite number of these procedures, we get at a map B
satisfying the property claimed in the lemma. O
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4.3. Completion of the proof. By Lemma [£5] there exists a polynomial map
P: C"™ — C™ (vanishing at the origin) such that B(w) = P(A(w)) has lowest-order
homogeneous terms By(w) of generic full rank n. Now note that if we have proved
Theorem B] for B, then Theorem B.1] easily also holds for A. So we may assume

that the lowest-order terms of A, denoted as above by Ag(w) = Ag(w!,...,w"), are
generically independent. Furthermore, by taking every A7 as defined in (@II) to
some appropriate power, we may assume that k; = --- = k,, =: £y > 0. In addition,
since after a linear change of coordinates w = (w!,...,w") = Lw, det Ay may be

normalized in the w™ direction, we claim that we may assume that such a property
already holds in the original w-coordinates. Indeed, if in the w-coordinates we have
found a parametrization ¥ as given in (34) whose homogeneous parts satisfy all
the conditions of Theorem B then it suffices to set 1 (b, \) := L71 - W(b, L - \) for
(b,A) € H(CN,0) x GL,(C) to get the right parametrization (whose homogeneous
parts satisfy all the requirements of Theorem [B]) in the original w-coordinates.
This proves the claim.

After all these reductions, we may start with the formal part of the proof and
first construct a sequence py: C" x JgOH((C") — C™ of polynomial maps, ¢ > 1,
such that for every germ of a holomorphic map b: (C", 0) — C" if there exists a
biholomorphism u: (C™,0) — (C™,0) with «/(0) being the identity and A(u(z)) =
b(z), then wuy(2) = pe(z, j5o D) for all £ > 1. Here we recall that u, denotes the
homogeneous part of order £ of u. In what follows we also use the notation 6(z)|,
to denote the homogeneous part of order £ of a formal power series §. Moreover, for
every k € N*, we introduce coordinates AF = (Aa)jaj<k, @ € N, in the jet space
JE(C™) associated to a choice of coordinates z = (z1,...,2,) in C". By Lemma
4Tl we may choose for each integer £ > 2 a linear map By: Py o — Py, which is
a left inverse to multiplication by Aj. We set p;(2) := z and define inductively the
e, £ > 2, as follows:

(4.12)

. Ao _ _
Pz, N =By | 3 a = AP AT kg |
la|=to+L
Pe_l(z,AZOH_l) — Z ﬁk(Z,A£0+k).
1<k<t—1

It is easy to see that we also have

{—1

- Ao o _ -

(4.13)  fe(z,A"F) = B E A E Ay (P (2, A1) g e
la|=Lo+L v=0

for £ > 2, and hence by induction from [@I3)) and (£IZ) that the p, are indeed
polynomial mappings of their arguments and homogeneous of degree ¢ in their first
factor. Now assume that b: (C™,0) — C™ is a germ of a holomorphic map and that
u: (C™,0) — (C™,0) is a germ of a biholomorphism satisfying A(u(z)) = b(z) with
u/(0) being the identity. We claim that for every ¢ > 1, u;(z) = [)(z,jg”éb). First
note that u; = p1. Suppose now that for £ > 2, we have ug(z) = ﬁk(z,jg°+kb) for
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k < € and set Uy(z) = > <<, ue(z). We then have

beo+e(2) = A(u(Z))Ieo+e

Z Ay (u(2))]eo+0

(4.14)
= ZAV(Uz(Z))VoH-
v=0

Noticing that Ag(Uy(z ))|go+g Ap(2) - ug(z) + Ao(Ur—1(2))|eg+¢ and that for 1 <
v<~l—1, Ay(Ue(2)|eg+e = Av(Ue—1(2))|ey+e, we obtain that

-1
(4.15) bry1o(2) = Ap(2) - we(2) + > Ay (Ue-1(2))ltore,

v=1

and since uy(z) = pr(z, j£0+kb) for k < ¢ by assumption, we get

—1
AG(2) - ue(2) = begre(2) = > A (P (250071 0)) e
v=0
ie.,
(4.16) u =B (btzo+e ZA (P goe lb))|€0+€>’

and consequently ug(z) = p(z, jo*Tb). This proves the claim.

We are now going to prove the convergence statement for the p,. In this context,
this means that there exists a polydisc A C C" centered at the origin such that
given any C > 0, there exists K > 0 such that whenever b: (C*,0) — C™ is a germ
of a holomorphic map satisfying ||bx ||, < C* for all k € N where b(z) = >, < br(z)

is the decomposition of b into homogeneous terms, then Hpg( 0Hb)HA < K* for
all £ € N. Let A = Q C C" be the polydisc given by Lemma Il and D > 0
also given by the same lemma (and depending only on Aj)) such that the norm of
each linear map By: Py, — P;' does not exceed 1/D, for all £ > 2. Let b be
as above satisfying [|by|, < C* for all k € N. In what follows we assume b to be
fixed and then suppress the dependence on b when writing p, and P*~!. Since A is
convergent, there exist R > 0 and a > 0 such that [|A;]|, < Ra’ for all j € N. We
also set mgp := €y + 1> 1. Let ¢ > 2. By (4I0), we have

(4.17)
—1
[el[p < D7 <||b€o+€||A + (Ao 0 PN egre][ o + || D (A 0 P gy pe > :
v=1 A

Since Ao(P4(2)) e = A(2) - Be(2) + Ao(P1(2)), [@IT) implies
(4.18) .
S (A 0 PN

v=1

mMng<ﬁwuHmmﬂnﬁzAbwh+

J
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Applying (@A) and [@3H) of Lemma in our context and using the fact that
p1(z) = z yields

- _ (mo + d)! - e
lpella <D (CW Tt Al AR e X )

- mo+d -
<ot (cmoreor o 30 D gl ).

(4.19)

where k1 4+ -+ + ks—1 = mg + d and the sum goes over all nonnegative integers
ki,...,ko_1 with Zl<j<lfljkj = mg + ¢ — 1. We shall now use Lemma (4] with
71 = ||p1]|o (which is independent of b), R, a, C, D as above and s = mg = £ + 1.
Let (¢)e>0 be given by Lemma [£4] and associated to the above data. We claim
that for all £ > 1, ||p¢||o < 7e. Indeed, by construction this is the case for £ = 1.
Let us assume, therefore, that ||pi|| 5 < Y& for & < ¢. Then {I9) and [@T) imply
that

+d)!

_ 1 e m
420 lully < 07t (omoret Y Lt

ko
k 1 Rad71k1 "'7@£11> = e

which proves the claim by induction. Since the series > y4t* converges by Lemma
[£4] we see that there exists K > 0 such that ||p||, < K* for £ € N*.

We shall now construct the p, from the p, for all £ > 1. For any linear map
N: C" — C" and for every positive integer k& we denote by NF: JF(C") — JF(C™)
the (unique linear) map satisfying j&(foN) = NF(j¥ f) for every formal power series
mapping f: (C",0) — C". (Note that by identifying jets of order k with Taylor
polynomials of degree k, one may also view the mapping N* as acting on such
polynomials.) For every £ > 1 and every (z, \, A%t¢) € C" x GL,(C) x J5+(C),
we set

(4.21) ro(z, A A = Oz, (AT (A,

It is easy to see that each 7, is a homogeneous polynomial map of degree £ in z, whose
components are rational functions of the other variables. In fact, even more can be
said: by Cramer’s rule we see that there exists a nonnegative integer x(¢) such that
(det \)Opy(z, X, A0FE) =: py(2, X, APH) is a polynomial in all its variables. Note
that r1(z, A\, A®*1) = \z by construction, which proves ([B.2)). Moreover, for every
germ of a holomorphic map b: (C",0) — C", we claim that if u: (C",0) — (C") isa
germ of a biholomorphism satisfying A(u(z)) = b(z), then necessarily for every £ >
1, ug(2) = ro(z, 4/ (0), 550 +b). Indeed, set \ := u/(0), and note that v(z) := u(A~'z)
is a biholomorphism tangent to the identity which satisfies A(v(z)) = b(A7!z).
Hence for every ¢ > 1, the homogeneous part of order ¢ of v denoted v, satisfies
ve(2) = pe(z, jgo+£(b o A1) = Pelz, A D t(jEo b)) and therefore v(\z) = u(z)
implies that ug(z) = pe(Az, (A1)t (550 p)), which is the required conclusion in
view of ([2ZI). To complete the proof of Theorem [BI] it remains to check the
convergence statement for the r,. So let A C C™ be the polydisc given above and
L C GL,(C) be a given compact subset. Let C > 0 and b: (C",0) — C™ be a
germ of a holomorphic map satisfying [|bx||, < CF for all k € N. Since there exists
C1 > 0 such that H)fl H < C for all A € L and since (A~1)*(by) is the homogeneous
part of order k of bo A~!, we have [[(A~1) W o < bkl a, where C1A is the
polydisc of multiradius Cp if p is the multiradius of A. Using the homogeneity of

each by, we therefore get [[(A™1)E(br)|| 5 < CF[lballa < CFC* =: CF, for all A € L
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and b as above. Hence ||(bo ’\_1)|kHA < CF for all k € N and by the first part of
the proof, there exists K > 0 such that

et @or | = [ae A GE o) | < &
Furthermore there exists C2 > 0 such that ||| < Cs for all A € L, so we have
[reCon gt )| = e, aHE e G |
< [loet g o)

< O et D (o)

Ca A
\ <K',
A

where K = KC,. The proof of Theorem Bl is complete.

5. PROOF OF THEOREM [Z4]

5.1. Holomorphy of ¥(b,\). To each fized choice of polynomial mappings (pe)
and integers (k(¢)) satisfying the conclusions of Theorem Bl we consider the asso-
ciated map ¥: H(C",0) x GL,(C) — B"™ given in (34]) and we show here that ¥ is
holomorphic, furnishing the proof of Theorem 2.4l Here we recall that holomorphy
of amap f: X D Q — Y between locally convex complex vector spaces X,Y with
Q open in X means that f is holomorphic if it is continuous and its composition
with any continuous linear functional on Y is holomorphic along finite-dimensional
affine subspaces of X intersected with € (this last property being called Gateauz-
holomorphy). Note that the fact that ¥ takes its values indeed in B" follows from
Theorem [B.1] and the following well-known elementary fact.

Lemma 5.1. Let ¢ = ¢(z) be a formal power series in z = (z1,...,2,). Consider
the decomposition of ¢ into homogeneous polynomial terms and in Taylor series
A(2) = Dm0 Pk(2) = D penn ®az®. Then the following are equivalent:
(i) ¢ is convergent;
(ii) there exists C > 0 such that for all « € N, |¢,| < Clel;
(ili) there ewxists a polydisc A C C™ centered at the origin and D > 0 such that
for every positive integer k, ||¢x||, < D¥;
(iv) for every polydisc A C C™ centered at the origin, there exists K > 0 such
that for every positive integer k, || ¢l < K*.
All the power series ¢ satisfying either of the inequalities in (ii), (iii) and (iv) have
the property that their region of convergence contains some neighbourhood of the
origin only depending on C or D or K, respectively.

For r > 0, we let H(C"™,0),. be the Fréchet space of holomorphic maps b: A, —
C", where A, = {z € C": |z;| < r for all j}, endowed with the topology of uniform
convergence on compact subsets of A,.. It is in our case generated by the seminorms

V= (e ) EHE0), ]l = max sup [F(2)], s <7
<j<n zeA

s

If we choose a sequence r; > 0 converging monotonically to 0, the space H(C",0)
is a locally convex space which is the inductive limit of the sequence of Fréchet
spaces H(C",0),, or, equivalently, of the Banach spaces H*°(A,;)". We denote by
H(C™,0)Y (resp. H(C™,0)°) the closed subspace of H(C™,0), (resp. of H(C",0))
consisting of those elements preserving the origin. We also let )" be the open subset
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of H(C™,0)? consisting of those maps b satisfying det d’(0) # 0. For each r > 0,
we have a continuous linear injection ¢,.: H(C",0),, — H(C™,0), through which we
identify H(C™,0), with a subspace of H(C",0). Note though that the image of
tr in H(C™,0)5 is not closed for s < r; hence, H(C™,0) is not a strict inductive
limit of the spaces H(C",0),,. However, in our setting, the inclusion mappings for
the inductive limit are compact (by Montel’s Theorem). For this special case of
an inductive limit some powerful results from functional analysis are available; the
main one is that this inductive limit is reqular (cited as Fact 1 below, which implies
Fact 3) and that the topology induced on it as an inductive limit of locally convex
spaces agrees with the topology induced on it as an inductive limit of topological
spaces (this implies Fact 2 below). In what follows, when we identify subsets of
H(C™,0), (resp. of H(C™,0)?) as subsets of H(C™,0) (resp. of H(C",0)?), we always
use the canonical embedding. These results can be found in e.g. [24, §23, p. 132]
or [32] pp. 26-27] (and in this particular setting seem to originate from work by e
Silva [40] and Raikov [38]). For the convenience of the reader, we summarize the
facts we are going to use so we can refer to them later:

Fact 1: [24] 2.2. Satz, p.136] A subset B C H(C"™,0) is bounded if and only if there
exists r > 0 such that B ¢ H(C™,0), and B is bounded in H(C",0),..

Fact 2: A mapping f : H(C™,0) — Y, where Y is a topological space, is continuous
if and only if it is sequentially continuous.

Fact 3: [24] 2.10. Korollar 3, p.139] A sequence (y,) converges to y in H(C",0)
if and only if there exists an r > 0 such that y;,y € H(C",0), and the
sequence converges there.

Fact 2 is an immediate consequence of Fact 1, Fact 3 and the fact that H(CY,0),.
is Fréchet and thus metrizable. We can now prove the following result concerning
the parametrization ¥, which essentially reduces the study of ¥ as a map between
spaces of germs to that of a map between Fréchet spaces.

Lemma 5.2. With the assumptions of Theorem Bl and in the above-mentioned
setting, let U: H(C™,0) x GL,(C) — B™ be the operator given by [B.4). Then there
exists a family (Vr) r>0, where for each R > 0, Vg is an open subset of H(C™,0)g,
satisfying the following properties:
(i) for any given bounded set B C H(C",0), there exists S = S(B) > 0 such
that B C Vg;
(ii) for every R > 0 and for each relatively compact open subset Q@ C GL,(C)
there exists an R > 0 such that

\I/|VR><Q: Vr X Q — B% C H(Cn,O)ﬁ
s holomorphic.
Proof. For every R > 0, let Vi be defined by

1
Vi ={b € H(C",0)r: [Ib=0(0)Rs2 <1, [6(0)IR/2 < &}

This is clearly an open subset of H(C™,0)g. From the usual Cauchy estimates
together with Fact 1, it is easy to see that every bounded set is contained in a set
Vg for some R > 0.

Next, for every R > 0, by the Cauchy estimates, we easily have

d
N nR 1
Vb € Vg, Vd € N, ||bd||R/2 < <7> <and ||bo||R/2 < R) )
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(Recall here that by is the homogeneous part of order d of b.) By Theorem [B1]
ii) (which holds automatically for all polydiscs centered at the origin), there exists
K > 0 (depending on R) such that

[0, Mlallgjp < K% VbeVr, VA€Q, Vde N,

Choosing R < R/(4K), we see that for each (b, \) € Vg x €2, we have
(5.1) e, Mz <1,

and ¥(b,\) € H(C",0)5. Moreover, setting W*(b,A) := >, ¥(b, \)|; for every
k> 1 and (b,)\) € Vg x Q, we have by the above choices that (¥*) converges uni-
formly to ¥ in H, i.e., that for all r < R, SUD(p \)eVr x 2 || Tk (b, A) — W (b, )\)HT -0
when k& — +oo. Denote by M, (C) be the space of n x n matrices and let
E c H(C",0)z x M, (C) be any affine subspace and L: H(C",0)z — C be any
continuous linear functional. In view of the explicit form of the ¥* given by Theo-
rem [3.1] we see that LoWU¥ is clearly holomorphic (and rational) along EN (Vg x Q),
and since L o U¥ uniformly converges to L o ¥ on Vi x Q, it follows that L o ¥ is
holomorphic along EN(Vg x Q). Hence, ¥|y,xq: Vr X @ — H(C",0); is Gateaux-
holomorphic. To conclude that it is holomorphic, it remains to check that it is
continuous. In fact, in view of [20, Example 3.8(g)], since H(C", 0) g is metrizable,
we need only to show that for each continuous linear functional L: H(C",0)z — C
the map L o ¥ is holomorphic. Since this latter is already Gateaux-holomorphic, in
view of [20, Proposition 3.7] it is enough to show that L o ¥ is bounded on Vg x Q.
Since (Vg x Q) is clearly a bounded set in H(C",0)z in view of (&.I]), we reach
the desired conclusion. The proof of the lemma is complete. O

Completion of the proof of Theorem 24l Tt is now not difficult to derive Theorem
24 from Lemma Firstly, it follows from the lemma that ¥: H(C",0) x
GL,(C) — B™ C H(C™,0) is Gateaux-holomorphic. It remains therefore to check
that ¥ is continuous (between the right topological spaces). But Lemma to-
gether with Fact 2 and Fact 3 from above implies that ¥ is indeed continuous: If
(yx) C H(C™,0) x GL,(C) is a convergent sequence with limit y, there exists R > 0
and a relatively compact open set © C GL,(C) such that (y;) C Vg x Q (and
y € Vg x Q). The lemma then implies that U(y,) — ¥(y) and we are done. O

5.2. A further application of Theorems 2.4l and Bl We want here to give
the following continuous version of Corollary

Theorem 5.3. Let A: (C",0) — C" be a germ of a holomorphic map of generic
rank n, X a topological space and b = b(z,w) be a C™-valued continuous map defined
on an open neighbourhood V' of {0} x X C C™ x X such that

(1) z— b(z,w) is holomorphic on V,, = {z € C": (z,w) € V'} for each w € X;

(2) for each compact set K C C™ and for every point w € X with K x {w} C
V' there exists an open neighbourhood U of w such that b is defined and
uniformely bounded on K x U (this is satisfied if e.g. every point in X has
a compact neighbourhood basis).

Then there exists a continuous map I' =T'(z, A\,w): C" x GL,(C) x X — C™, defined
on an open neighbourhood Q of {0} x GL,(C) x X (and holomorphic in the first two
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factors) such that if u : (C™,0) — (C™,0) is a germ of a biholomorphism satisfy-
ing A(u(z)) = b(z,wp) for some wy € X, then necessarily u(z) = I'(z,u'(0),wo).
Furthermore, the map T' has the properties (1) and (ii) given in Corollary B2l

Proof. We define the neighbourhood € in the following way: for each point w € X
we choose subsets of the form Ar x U, where U and R are small enough so that
for w € U, b(-,w) € Vg (with the notation of §bl). We claim that this is possible by
Assumption (2): indeed, start by finding a neighbourhood Uy of w and an Ry > 0
such that b is defined on Agr, x Uy. Choose an Ry < Ry and consider the compact
set 0Ag, C C". By assumption, there exists a neighbourhood U; C Up of w such
that Hb(~,u})\|8AR1 < C for some constant C, for all w € U;. The Cauchy estimates
imply that

160 (0, )| < R
From these estimates it is clear that if we choose 0 < R < R; small enough, the
desired claim follows.

Next, for every relatively compact open set W C GL,(C) we may choose by
LemmaB.2an R > 0 such that W(b, \) € H(C", 0) 5 for every (b,\) € Vg x W. We
let © be the union of the open sets Ay x W x U, as w ranges over X. The mapping

I is then defined by

w e U.

L(z, A\, w) =T((-,w),\)(2).
We will check that I' is continuous by checking that it is continuous on sets of
the form Az x W x U. To do that, we will show the following two facts: firstly,
the mapping w +— b(-,w) is continuous from U to H(C™,0)g; and secondly, the
evaluation mapping (f,z) — f(z) is holomorphic from H(C",0); x Ag to C™.
These both follow from our assumptions using the Cauchy formula for polydiscs,
as we will show; combining all these facts we get the result.

Let us start with the proof of the first claim. Let w € X and U (= U,) be as
in the above construction of 2. We check that w — b(-,w), as a map from U to
H(C™,0)R, is continuous at every point wy € U. Let € > 0 and 0 < r < R. We
need to show that there exists a neighbourhood U, of wg such that for w € U,

(- w) = b(-,wo)l,, < e.

We choose s with r < s < R. By assumption (2), there exists a neighbourhood
V C U of wg such that b is bounded on A4 x V. The function

plw) = /8 _1b(zw) = bz e

is continuous on V', and p(wy) = 0. The Cauchy formula implies that

1 b(<7w) — b(C7w0)
b —-b = d Ay, .
(Z7w) (Z,LU()) (27.”)77, /BAS C_ 2 Ca S welV.
Estimating, we get

1

(2m)"

[[b(-;w) = b(:,wo)ll,. < (s =r)"p(w),
and the desired estimate follows.

The proof of the second claim is similar to what we did for proving the holo-
morphy of the solution mapping in §5l It is clear that the evaluation mapping is
holomorphic along finite-dimensional affine subspaces. To complete the proof, we
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just have to show that the mapping is locally bounded. We leave it to the reader
to check that this latter fact also follows from the Cauchy formula. The proof of
the corollary is, therefore, complete. O

6. RESULTS FOR LINEAR SINGULAR ANALYTIC SYSTEMS

We consider here linear systems of the form ©(z)-w = b(z), w € C™, where ©(z)
is an m x m matrix with holomorphic coeflicients near the origin in C", of generic
rank m, and b: (C™,0) — C™ is a germ of a holomorphic map. We are interested in
getting a holomorphic parametrization of all solutions w = w(z) of such systems, as
well as other systems that are variations of the original one. In fact, for such systems
and contrary to the nonlinear case, there is a unique potential obvious holomorphic
solution of the system; such a solution has to be the quotient of the Weierstrass
division of © - b by det ©, where O denotes the transpose of the comatrix of ©
as in the proof of Lemma [l By analyzing the proof of the Weierstrass division
theorem, it is very likely that such a quotient would be a suitable parametrization
of the system satisfying the required conditions of Proposition [6.1] below.

Since we were not able to find in the literature the precise result given by Propo-
sition [6. 11 below, we choose instead to follow the approach developed in the previous
section (for the nonlinear case) to get the parametrization needed for our purposes
here. The obtained parametrization may be a priori different from the one given by
Weierstrass division, since the algorithm proposed here to compute the parametriza-
tion is different from the algorithm given by Weierstrass division. In what follows
we keep the notation defined in the previous sections.

We start with the following:

Proposition 6.1. Let © be an m x m matrix with holomorphic coefficients near the
origin in C™, m,n > 1, such that © is of generic rank m. Then there exists £y € N
and for every nonnegative integer ¢ polynomial mappings qg: C™ x JgOH((C”, cm) —
C™ homogeneous of degree £ in their first variable such that for every germ of a
holomorphic map b: (C™,0) — C™, if u: (C™,0) — C™ is a germ of a holomorphic
map satisfying ©(z) - u(z) = b(2), then for every £ > 0, up(z) = qg(z,jgoJréb), where
uyp denotes the homogeneous part of order £ of u. Furthermore, the q; can be chosen
in such a way that there exists a polydisc A C C" centered at the origin for which
the following holds: for all C' > 0 there exists K > 0 with the property that whenever
b: (C*,0) — C™ is a germ of a holomorphic map written into homogeneous terms

b(2) = D150 bk(2) and satisfying [|bk|| o < C* for allk € N, then Hq;.c(-,jé“'eb)HA <
K* for all k € N.

The proof of Proposition [6.] following our algorithm is given in §6.I1 For our
purposes, in addition to the preceding result, we need also the following refined
version as well as a version with parameters given by Proposition below, which
follows immediately from Lemma [5.J] and Proposition

Proposition 6.2. Let © be an m x m matriz with holomorphic coefficients near
the origin in C™, m,n > 1, such that © is of generic rank m. Then there exists
Ly € N and for every £ € N nonnegative integers k(£) and polynomial mappings
pe: C™ x JgOH((C") X JéOH(C",Cm) — C™ homogeneous of degree { in their first
variable such that for every germ of a holomorphic map b: (C*,0) — C™ and every
germ of a biholomorphic map c: (C™,0) — (C™,0), if u: (C™,0) — C™ is a germ
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of a holomorphic map satisfying ©(c(2)) - u(z) = b(2), then for every £ >0,

pg(Z, ngJrecv j(l;OJreb)

(det j3c)F®

up(z) =

where uy denotes the homogeneous part of order £ of w. Furthermore, the py can
be chosen in such a way that there exists a polydisc A C C" centered at the origin
for which the following holds: for all C > 0 and any compact subset L C GL,(C)
there exists D > 0 with the property that whenever b: (C™ 0) — C™ is a germ of
a holomorphic map and c: (C™,0) — (C™,0) is a germ of a biholomorphism (both
written into homogeneous terms b(z) = > .o bk(2), c(2) = X ;>0 ck(2)) satisfying
okl A < CF, |leklla < CF, for allk € N, and c1 € L, then for every positive integer
2

pf('a ngJrgcv j(t;OJréb)

(det jg0)D

< D¢
A

Proposition 6.3. Let © be an m x m matriz with holomorphic coefficients near
the origin in C™, m,n > 1, such that © is of generic rank m. Let X be a complex
manifold, and assume that c: C" x X — C™ and b: C" x X — C™ are holomorphic
maps defined on some neighbourhood of {0} x X. Assume that ¢ satisfies

c¢(0,w) =0, detc,(0,w)#0, foreverywe X.

Then there exists a holomorphic map I': C" x X — C™ defined on a neighbourhood
of {0} x X such that if u: (C™,0) — C™ is a germ of a holomorphic map satisfying
O(c(z,wp)) - u(z) = b(z,wp) for some wy € X, then u(z) = I'(z,wp). Furthermore,
if we write the Taylor expansions

b(z,w) = Z ba(w)2z%, c(z,w) = Z Ca(w)z?,
QENn QENn

then there exists an integer by and for every o € N™ nonnegative integers ko and

polynomial mappings pe : JgOHQ‘((C",(Cm) X Jé°+|a|((C”) — C™ such that

Pa((bg(w), cs(w))51<to+]al) Lo
(det ¢, (0, w))ke '

(6.1) I(z,w) = Z

aeNn

The proof of Proposition is given in 6.2
6.1. Proof of Proposition

6.1.1. Reducing the linear singular system to a simpler one. A process similar to
that used in §4.2] is done to bring the original m x m matrix © to another which
has a convenient form. Given our m x m matrix ©(z) with holomorphic coefficients
near the origin in C", for each j = 1,...,m we write ©7(2) for its j-th row and
decompose the rows into homogeneous terms as ©7(z) = Y <k @i(z) where @i is
a homogeneous polynomial map C" — C™ of degree k. For v € N, we define 0,
to be the m x m matrix whose j-th row is given by @iﬁV. Hence the j-th row
of ©, is a homogeneous polynomial map of degree k; + v. We say that ©g is the
matrix formed from © by taking its lowest-order homogeneous terms. We have the
following reduction, analogous to that done in Lemma
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Lemma 6.4. Let O(2) be an m x m matriz with holomorphic coefficients near the
origin in C" and assume that © is generically of full rank. Then there exists an
m x m matriz Q(z) of polynomials such that N(z) := Q(z) - ©(z) has the property
that the matriz Ny formed from N by taking the lowest-order homogeneous terms
in each row is generically of full rank.

Proof. Let e be the order of vanishing (at the origin) of det © and define D :=
€= 1<j<m kj- First note that det ©g is nonzero if and only if D = 0. In case D = 0,
we are therefore done. Hence we may assume that D > 0. We claim that there is an
m x m matrix QM) (z) of polynomials such that if we denote by l;j the lowest-order
homogeneous entry in the jth row of the matrix ©(z) := QM (2)0(z) and if we
denote by ¢é the order of vanishing of det ©, then D := & — Z1§j§m Ich is strictly
smaller than D. Indeed, if det ®g = 0, there exist polynomials py,...,p, € C[Z]
not all identically zero such that

(6.2) PO}, + -+ PO =0.

km

Moreover, since each @J is homogeneous of degree k;, we may choose each poly-
nomial p; to be homogeneous of degree J — k; for some positive integer 6. Without
loss of generality, we may also assume that p; # 0. Define

pPr P2 .. DPm

0 1 ... 0
QW = :

0 1

so that the order of vanishing of det O is e+ 6 — ky since det © = p; det ©. Note
that for j = 2,...,m, k = k+j and that it follows from (62)) that the lowest-order
homogeneous term of @1 is of order k; > d. Hence D = e+ — ky — 2i<j<m kj <

— > 1<j<mk; = D. This proves the claim. Therefore, after a finite number of
these procedures, we arrive at a matrix N satisfying the property claimed in the
lemma. (I

6.1.2. Completion of the proof of Proposition Bl Let ©g be as defined in
By Lemma [64] there exists an m X m matrix Q(z) of polynomials such that the
matrix No(z) formed from N(z) := Q(z) - ©(z) by taking the lowest-order homo-
geneous terms in each row is generically of full rank. Now observe that if we prove
Proposition for the matrix N the result easily follows for the original matrix ©.
So we may assume in what follows that the matrix ©q is generically of full rank.
Furthermore, by multiplying the rows with appropriate homogeneous polynomials,
we may assume that the rows of © are homogeneous of the same degree, say ¢y, > 0.
By Lemma [Tl we may choose a polydisc A centered at the origin and a constant
D > 0 and for all £ > 0 a left inverse By to the operator given by multiplication
with @ (which takes Py to P;",,), and which has norm at most D~" (when P;*
and P;",, are equipped with [|-[[5). We define inductively the polynomial maps
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(ge)e>o as follows:
(6.3)

Ao
qo(A®) := By (Zla—zo o’ ) ’
qe(z, AT = By | 30,12 mé o~ Z@g _i(2) - qi(z, Ay | e > 1.

It is easy to show by induction on ¢ that each py: C™ x JéOM((C”, Cm) —-C™isa
polynomial map that is homogeneous of degree £ in its first variable z. We claim
that given a germ of a holomorphic map b: (C*,0) — C™ if u: (C*,0) - C™ is a
germ of a holomorphic map satisfying

(6.4) O(z) - u(z) = b(2),
then necessarily uy(z) = qo(z, ngHb). Indeed first note that by considering ho-
mogeneous terms of order £y in (6.4]), we get Og(z) - up(z) = by, (z) and hence
uo(2) = qo(jE°b). Now assume that ug(z) = qu(z, j°T¥b) for all k < £. Considering
homogeneous terms of order £+ £, in (G.4]), we obtain

¢
Oolz) - ue(2) + 32 Ou(2) e 1(2) = biyse(2),
v=1
which easily gives the required conclusion by the induction assumption.

The convergence statement can now be derived by a similar but much simpler
argument as in the proof of Theorem[B.Il Indeed, let C' > 0 and let b: (C™,0) — C™
be a germ of a holomorphic map satisfying ||bg||, < C* for all k € N, where
b(z) = Y p>obr(2) is the decomposition of b into homogeneous terms; without
loss of generality we may assume that £y > 0. Since © is convergent, there exists
a > 0 such that [|©;], < a/. We first claim that for any o > 0, the series
P(t) =2 jen o7 converges in a neighbourhood of 0, where o; is defined for j > 1
by
(6.5) Do; = Z a’ kg, 4 O,

k<j
This follows from the fact that (t) is a solution of the equation
at tCbot1
Dp(t) — Doy = t .
p(t) = Dog = ;——w(t) + T
Now, we set og := C**D~1 and let (0;);>1 be as given by ([6.5]). Then by using (6.3)
and (63) i (H('ngOHb)‘ A
Since ijo o;t! is convergent, there exists K > 0 (independent of b) such that
oy < K for all £ € N. This completes the proof of Proposition

< ayp.

6.2. Proof of Proposition Actually, this proposition is a simple consequence
of Proposition [6.1] and the Inverse Function Theorem. We will, of course, need a
version of the latter which is compatible with the desired estimates. So we first
turn to this. The reader will notice that the results we derive here are by no means
new. Nevertheless we think it is important to put the proofs of the precise desired
results here. We first have the following lemma.
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Lemma 6.5. For every positive integer £, there exists a polynomial map pg: C™ X
Jg((C") — C™, homogeneous of degree £ in its first variable, such that for any
germ of a biholomorphic map c¢: (C™,0) — (C™,0), written in homogeneous terms
c(2) = 3 ;51 ¢j(2), the inverse c~Y(2) is given by

C_I(Z) _ pl(zngc)

7
= (det ¢q)

Furthermore, there exists a polydisc A C C™ centered at the origin such that for
any C > 0 and any compact subset L C GL,(C) there exists K > 0 such that for
every c: (C",0) — (C",0) as above satisfying c1 € L and |ck||, < C* for every
k € N*, then for every £ € N*,

Proof. We set p1(z,A!) := (A')~!. z and define the polynomials p;, £ > 2, induc-
tively as follows (here we use again the notation us(z) = u(z)|¢):

pf('vjéc)

< K"
(det c1)¢

A

) =~ (Trcyza Doy g (RN
Rz, A = 2i<v<i—1 Pv(z; Al

It is easy to see that for every £ > 1, py(z, A?) := (detcy)? pe(z, A) satisfies the
required conditions of Lemma It remains therefore to check the estimates for
the py. So let A be the unit polydisc in C"*, L a compact subset of GL,(C), C >0
and suppose that ¢: (C*,0) — (C™,0) is a germ of a biholomorphic map satisfying
ekl o < CF for all k > 0. We set

(6.6)

. 1 _
=pir e B

(Here, as in Lemma 1] the matrix norm is adapted to the maximum norm on C™.)

Let C > 0 (independent of ¢) be such that lleill, < C7 for all j > 0. Consider the
one-dimensional equation

C2p(t)?
(6.7) Aoty - OO gy
1-Co(t)
It is then easy to check that (6.7) has a unique convergent solution
¢(t) =Y Byt*
£>0

vanishing at the origin, which furthermore satisfies B, > 0 for all £ > 0. Moreover,
Proposition implies that the By satisfy the following relation for ¢ > 2:

(6.8) AB, = Zid!cd B ...B)
' A Y BN VIR Rt
where d = k1 4+ -+ + ky—1 > 2, and the sum goes over all nonnegative integers

ki,...,ke—q with ky + 2ks + -+ + (£ — 1)ky—; = £. We claim that for all £ > 1,
||ﬁg(~,j§c)HA < B,. For £ =1 this is clear by the choice of By and the definition of
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p1. Suppose now that ||,6d(-,j(‘)ic)||A < By for d < ¢. Using ([6.6) and Lemma [£3]
we get the following estimates:

5eCgoolla < et lH| Do (es(R g o) e

1<j<e

A
i
-1 J: ~ 1k ~ ko
<lleall 32 =l lIala - 1pea 3
2<j<e
where j = k14 - -+k¢_1, and the sum goes over all nonnegative integers k1, ..., ks_1

with kq +2ky+-- -+ (0 —1)ke—1 = . Hence, by (6.8) and the induction assumption
we get

|
e dtellls < llectll 32 e Bl Bl
2 Tl
~ | B, < B

by our choice of A, which proves the claim and also completes the proof of the
lemma. (]

Remark 6.6. Note that Lemma also holds for every polydisc A C C™ centered
at the origin.

We also need the following lemma about the composition of analytic functions
with estimates.

Lemma 6.7. Let K > 0 and assume that A C CN and A’ € C" are polydiscs
centered at 0. There exists C > 0 such that whenever f: (C",0) — C™ and
g: (CN,0) — (C",0) are germs of holomorphic mappings written into homogeneous
terms f =3 .50 fi, 9 = 2_j519; and satisfying ||g;l[, < K7 and [|fjl[, < K7
for every positive integer j, then the composition h = fog = ijo h; satisfies
[hilly < C7 forj > 0.

Before we begin with the proof, let us point out that there are easier proofs for
this lemma than the one we give; we prefer to give a proof using majorization by a

conveniently chosen power series because this ties in nicely with the proofs of the
other convergence estimates given before.

Proof. We use the geometric sum to compute

Kllf(lt(t _ Kth
1— K £~ 1-K(1+K))t

(6.9) =Y KK/ (1+K) 7't

3>0
Now choose K large enough (depending only on K and A’) so that | f;||;
Ki for all j > 0, for all f satisfying ||f;||,, < K7. We claim that ||h;], <
K1 K7(1+ K;)~! for j > 0. This is proved using Lemma and Faa di Bruno’s
formula (Proposition [£2). For every j > 0, we have the following estimates:

<
<

j
hslla <D NCfae 9l
d=1

d! | fally oy k;
< Z il k! lgalla - llgill<
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where d = k1+...+k; > 1 and the sum goes over all nonnegative integers k1, ..., k;
such that ki +2ks + ... + jk; = j. Using (63), we get

d! Kii k14+2k2+...5k;
HhJHASZWK 2+...Jk;

=K K/ (1+ K.

Setting C' := K (1 + K3) yields the desired result. O

Completion of the proof of Proposition [6.2. We can now prove Proposition[6.2] Let
{y be given by Proposition and for every k € N, let ¢x be the polynomial map
given by the same proposition. Define for every nonnegative integer ¢ the map py
by setting

(6.10) Pelz, et e, jeH o) = (Z a(e(2), j5H (bo c—1>>> I,

keN

for all germs of holomorphic maps b and c as in Proposition [6.2] where, as used be-
fore, the notation |, on the right-hand side of (G.I0) denotes the homogeneous part
of order ¢ of the corresponding power series mapping. It is clear from Lemma
and the chain rule that for every ¢ € N, there exists k(¢) € N such that for every b
and c as above we have

(det o) po(2, joT ¢, joT0b) =2 pe(z, jo T 0c, j5T0D)

for some polynomial map satisfying the required properties. Finally, we leave
the reader to check that the needed estimates follow from the estimates given in
Lemma and Lemma and from Remark The proof of Proposition is
complete. O

Remark 6.8. Let H(C™, C™) be the topological vector space of germs of holomorphic
maps (C™,0) — C™ (endowed with the topology of uniform convergence on compact
neighbourhoods of the origin in C") and let ©® = ©(z) be an m x m matrix with
entries in H(C", C) with © of generic rank m. Define the holomorphic map O, : B™x
H(C"™,C™) — B™ x H(C"™,C™) by setting O.(c,u) = (¢,(@oc)-u) for all u €
H(C™,C™) and ¢ € B™. Then we leave it to the reader to check that, following the
lines of the proof of Theorem 2.4l given in §5 the statement given by Proposition
yields the existence of a holomorphic left inverse ®: B" x H(C",C™) — B" x
H(C™,C™) to the map O,.

7. A CLASS OF REAL-ANALYTIC GENERIC SUBMANIFOLDS

We introduce here a class of real-analytic generic submanifolds, more general
than the class of essentially finite generic submanifolds, and state the most general
parametrization theorem of this paper (Theorem[[3]) for such a class; all the results
stated in §2] will then follow from that theorem. We also discuss a few properties
of this class of manifolds, compare it to some well-known other ones and also give
several examples of manifolds in this class that are not essentially finite.
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7.1. Nondegeneracy conditions for real-analytic generic submanifolds.
We start by introducing a nondegeneracy condition for real-analytic CR submani-
folds of C and then compare it to some well-known ones. For more background
concerning CR structures we refer the reader, e.g., to the books [8] [10].

Let (M, p) be a germ of a real-analytic generic submanifold of C¥ | i.e., satisfying
T,M + J(T,M) = T,C¥, where J is the complex structure map of CV and T, M
(resp. T,C") denotes the tangent space of M (resp. of CV) at p. Let n and d
be respectively the CR dimension and the codimension of the manifold M so that
N =n+d. Let p=(p1,...,pa) be a real-analytic vector-valued defining equation
for M in some neighbourhood U of p in CV satisfying 9p; A...A0pg # 0 in U. For
every point ¢ € CV sufficiently close to p, recall that the Segre variety attached to
q is the n-dimensional complex submanifold of CV given by

Sy ={Z € U: p(2.9) = 0},

where the original real-analytic map p has been complexified and U may have
been shrunk so that p(Z, () is now convergent on U x U. On the other hand, the
complexification of M is the germ through the point (p,p) € C2V of the (2n + d)-
dimensional complex submanifold of C?V given by

(7.1) M:={(Z,¢) € (C*, (p,p)) : p(Z.¢) = 0}.

Here and throughout the paper, given any holomorphic map 7 defined on some open
subset Q) of CF and given any point a € €2, we denote by {t € (C*,a) : n(t) = 0}
the germ at a of the complex-analytic set {t € Q: n(t) = 0}.

For every integer k and for u € CV, let EX"(CYN) be the jet space of order
k at q of n-dimensional complex submanifolds of CV passing through w. Then
Unecy EE™(CN) carries a natural fiber bundle structure over CV. Following [18, 7],
for every ¢ € M sufficiently close to p, we consider the antiholomorphic map 77,’;
defined as follows:

(7.2) mhi Sy — EF"(CY), k(€)= jESe,

where j¥Se denotes the k-jet at ¢ of the submanifold S (see e.g. [25]).

Definition 7.1. We say that the germ (M,p) belongs to the class C if the anti-
holomorphic map w’; is of generic rank n for k large enough (or, equivalently, is
generically immersive for k large enough).

For a germ (M,p) € C, we denote by xp(p) the smallest integer k for which
the map w’; is of generic rank n. Clearly, the integer kj/(p) is a biholomorphic
invariant attached to the germ (M, p). Furthermore, for ¢ € M sufficiently close to
p, we see that, shrinking the neighbourhood U if necessary, that S, depends anti-
holomorphically on ¢ (i.e., can be parametrized by a holomorphic map depending

anti-holomorphically on g¢; see e.g. 7.3 below for more details if needed). By unique

continuation it follows that if (M,p) € C, then the map 7y ®) s still generically

immersive for ¢ € M close enough to p, i.e., that (M, q) is in C. Hence, there exists
a neighbourhood V of p in M such that xj; is well defined on V' and from the
definition we have that s is upper-semicontinuous.

It is interesting to compare the above local open condition with other well-known
ones. We recall the following nondegeneracy conditions for a germ (M, p) of a real-
analytic generic submanifold of CV:



548 BERNHARD LAMEL AND NORDINE MIR

(I) the submanifold M is Levi-nondegenerate at p if the map 7}, is an immersion
at p;

(IT) the submanifold M is said to be finitely nondegenerate at p if the map 7r]’§
is an immersion at p for k sufficiently large; in this case, M is said to be
kp-nondegenerate at p if &, is the smallest k for which the above condition
holds (see [6], §]);

(III) the submanifold M is said to be essentially finite at p if the antiholomorphic
map 7r]’§ is finite for k large enough; in this case, the smallest of such k’s is
called the essential type of M at p and denoted esstype,,(p) (see [7]);

(IV) the submanifold M is said to be holomorphically nondegenerate at p (in the
sense of Stanton [41]) if for a generic point ¢ € M sufficiently close to p

the antiholomorphic map 7r§ is generically immersive for k large enough.

(Equivalently, for a generic point ¢ € M sufficiently close to p, (M, q) € C.)

The definition of holomorphic nondegeneracy given in (IV) does not correspond here

to the original one, but it is not difficult to show by using Stanton’s criterion of

holomorphic nondegeneracy (see Proposition [(.6] below) that it is in fact equivalent
to the original one. It is well known that (I)=-(II)=(III)=(IV) (but converses
do not hold). It is also clear from the above definitions that if (M,p) € C, then

(M, p) is holomorphically nondegenerate and that if (M, p) is essentially finite, then

(M, p) € C. Hence, the essentially finite submanifolds form one general subclass of

submanifolds that are in the class C. Another subclass of the class C that is worth

pointing out consists of those germs (M, p) of generic real-analytic submanifolds
that are rigid and holomorphically nondegenerate (see §7.3] for the definition and
details). We summarize the above in the following:

Proposition 7.2. Consider the following conditions on a germ (M,p) of a real-
analytic generic submanifold of CN :
(i) (M,p) is essentially finite;
(ii) (M, p) does not contain any nontrivial complex analytic subvariety;
(i) (M, p) is rigid and holomorphically nondegenerate.

If (M, p) satisfies one of the above three conditions, then (M,p) € C.

In §7.3] we shall provide the reader with an elementary example of a germ of
a submanifold belonging to the class C that is not essentially finite nor rigid holo-
morphically nondegenerate and also give a more explicit criterion (Proposition [7.5))
that allows one to decide when a given germ of a submanifold is in C or not.

Another nondegeneracy condition on a germ (M, p) we also need to recall is the
minimality condition due to Tumanov [43]: (M, p) is called minimal if there is no
proper CR submanifold S C M passing through p with the same CR dimension as
that of M. As is well known (see [§]), for real-analytic generic submanifolds, this
condition is equivalent to the finite type condition of Kohn [31] and Bloom-Graham
[9] on the CR vector fields of M.

7.2. The main result of the paper. The most general parametrization theorem
we shall prove in this paper is the following.

Theorem 7.3. Let M be a real-analytic generic submanifold of CN of codimension
d. Let p € M and assume that (M, p) is minimal and belongs to the class C and set

by == (d+ 1)kn(p). Then there exists an open subset  C CN x Gf;f’p(CN) and a
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real-analytic map W(Z,\): Q — CN holomorphic in the first factor, such that the
following hold:

(i) for any H € Aut(M,p) the point (p,jf;pH) belongs to Q and the following
identity holds:
H(Z) = \I/(Z,jf;PH) for all Z € CN near p;
(ii) the map ¥ has the following formal Taylor expansion

Pa(A,K)
(73) W(Z,A) = bz p)e,
Z (DAY (DAY= F

where for every o € NN | s, and r,, are nonnegative integers, P, and D are
polynomials in their arguments, A' denotes the linear part of the jet A and
D(jiH) # 0 for every H € Aut(M, p).

Let us remark here that the set £ appearing in the statement of Theorem [.3]
is only determined by some algebraic conditions on the first-order jets, and these
conditions are automatically fulfilled for jets of CR automorphisms of M.

Quite analogously to §2] we obtain by following some arguments from [8] [3] the
following result from Theorem [7.3

Theorem 7.4. Let M be a real-analytic generic submanifold of CN of codimension
d. Let p € M and assume that (M, p) is minimal and belongs to the class C and set
ly = (d+ 1)knm(p). Then the jet mapping

0, . by (N
(7.4) g7 Aut(M, p) — G2, (CT)

is a continuous group homomorphism that is a homeomorphism onto a real-algebraic
Lie subgroup of Gf,’fp((CN).

Another special class of real-analytic generic submanifolds of CV that has been
much studied in recent years is that of finitely nondegenerate ones. For a germ
of a ky-nondegenerate real-analytic generic submanifold (M, p), Theorem (and
hence Theorem [(4]) has been established by Baouendi, Ebenfelt and Rothschild in
[3] (see also [47] for a previous weaker version) with a bound £}, = (d + 1)k,. We
would like to point out that it follows from the discussion in §7.1] that we always
have ¢, < ¢}, with £, given by Theorem [T.3l Furthermore, we give in §7.3]a number
of examples of finitely nondegenerate submanifolds for which the above inequality
is in fact strict (see Example [[.8)). This shows that Theorem [73] improves also the
known results for finitely nondegenerate submanifolds.

The proof of Theorem is given throughout §8-4I01 and is completed in §I7]
together with the proof of Theorem [.4]

7.3. Some properties of the class C and comparison between known in-
variants. Our goal here is to give a characterization (Proposition [[5]) by using
local holomorphic coordinates of germs of real-analytic generic submanifolds that
belongs to C.

Let (M, p) be a germ of a real-analytic generic submanifold of CV. Following [8],
we use a system of normal coordinates (z,w) € C® x C?% for (M, p), which means
that in these coordinates p = 0 and that there is a defining equation for M near
the origin of the form

(7'5) Imw = SD(Z’ 27 Rew)’ (p(z?()? 8) = (p(oﬂ 27 8) = 0’
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where p: C" x R — R? is a germ of a real-analytic map at the origin. By the
implicit function theorem, (73] is also equivalent to a defining equation of the
following form:

(7.6) w=Q(z,2,w),

with Q(z,0,w) = Q(0,z,w) = w; here Q: C" x C" x C¢ — C? is a germ of a
holomorphic map at the origin. We write and use the following expansions:

(77) Q(X> Zaw) - Z %(Z,w)Xa, Q - (Ql, te 7Qd)ﬂ Go = (qclw RS qg)

aeNn
Here and throughout the rest of the paper, for any holomorphic function h: C" — C
defined near the origin in C”, we denote by h: C" — C the holomorphic function
obtained from h by taking the complex conjugates of the coefficients of its Taylor
series. In the above normal coordinates, the complexification M is given by

(7.8) M= {((z,w), (x,7)) € (CV x C¥,0) : 7 = Q(x, z, w)},

and for every integer k, the mapping w’; defined in (Z2) may be identified with the
conjugate of the local holomorphic map z +— (a!q,(z,0))|a|<k- As a consequence,
we have the following characterization.

Proposition 7.5. Let (M,p) be a germ of a real-analytic generic submanifold in
CN and let (z,w) be normal coordinates for (M,p) so that M is given by (.0).
Then the following are equivalent:

(i) (M,p)€C;

(i) for some integer k, the local holomorphic map z — (Ga(2,0): |a| < k) is

generically of full rank.

Furthermore, if any of these conditions is satisfied, the integer k() is the smallest
integer k for which condition (ii) holds.

As already mentioned in 7711 the first natural class of manifolds that belongs
to C is given by the class of essentially finite ones. Another one is given by the
class of rigid holomorphically nondegenerate submanifolds. Recall that (M, p) is
called rigid if there exist normal coordinates (z,w) € C" x C? such that M is given
by an equation of the form () with the additional requirement that ¢ does not
depend on s, ie., ¢(z,2,8) = ¢(z,2) (see [8]). The fact that the class of rigid
holomorphically nondegenerate real-analytic generic submanifolds is contained in C
follows from Proposition and Stanton’s criterion of holomorphic nondegeneracy
whose statement we now recall.

Proposition 7.6 ([41,8]). Let (M, p) be a germ of a real-analytic generic subman-
ifold in CN and let (z,w) be normal coordinates for (M,p) so that M is given by
[T8). Then the following are equivalent:
(i) (M, p) is holomorphically nondegenerate;
(ii) for some integer k, the local holomorphic map (z,w) — (Ga(z,w): |a] < k)
is of generic rank N.

We now exhibit examples of generic submanifolds that belong to the class C
without being essentially finite nor rigid holomorphically nondegenerate.

Example 7.7. Let M C C2? x C,, be defined by

Imw = |21|*> + (Rew) |z2|*.
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Let us check that M is neither essentially finite nor rigid; by using Proposition
one sees that it does belong to C, though. Moreover, we have kp(0) = 2. Indeed,
rewriting in complex form, the defining equation of M is given by

R P
1—i|22|2 1—7;|22‘2

Thus, Q(z, z,0) is given by

= Q(z, z,w).

w=w

Q(2,2,0) =20 Y il |z1 |22/

Jj=0

Using this expansion, we can now apply Proposition[Z5 to see that M € C; however,
M is not essentially finite since the map x — (G (X)) is, up to constant factors and
uninteresting components, just the map

X — (X1, X1X2: X1X3, -+ ),

which is not finite. To check that M is not rigid, note that if M is rigid, there exists a
(germ of a real-analytic) curve (R,0) 3 7 — C(r) = (2(r),w(r)) = (2(r), s(r)+it(r))
in M with C(0) = 0 and s'(0) # 0 such that the germs (M,0) and (M, C(r))
are biholomorphically equivalent for all r close to 0. Such a curve is obtained as
follows: since M is assumed to be rigid, in suitable local holomorphic coordinates
(¢,n) € C? x C, M is given by an equation of the form Imn = ¢(¢,{) with ¢
real-analytic near the origin; in these coordinates the claimed curve is just the line
(0,7), 7 € (R,0). On the other hand, (M,0) contains the complex line (0, z2,0)
while for (z,s +it) € C? x C close to 0 with s # 0 the germ (M, (z, s + it)) does
not contain any complex curves through (z, s + it) since a calculation in the given
coordinates shows that M is actually strongly pseudoconvex at all such points. The
germs (M,0) and (M, C(r)) can therefore not be biholomorphically equivalent for
r # 0 close to 0, which shows that M is not rigid.

Suppose now that (M,0) is a germ of a real-analytic ko-nondegenerate generic
submanifold (as defined in §7.1]). Then obviously (M,0) € C and one has k;(0) <
ko. In the following example, we show that this inequality may be strict. In fact,
this example shows for every k > 2 there exists a k-nondegenerate real-analytic
hypersurface (My,0) in C? for which sy, (0) =1 < k.

Example 7.8. Let (M,0) C C3 be defined by

(21,22,w)
Imw = Re ((zl + zz)igk) + |21 2.

Moreover, analogous examples of real-analytic hypersurfaces or generic subman-
ifolds may be constructed in CV for arbitrary N; this is left to the reader as an
easy exercise. Similarly, for essentially finite submanifolds, we have the following.

Example 7.9. For every k > 3, let (Mj,0) C C3 be defined by

(z1,22,w)
Imw = |zl\2 + \zlzg|2 + |z2|2k.

Then Mk is essentially finite at the origin (but not finitely nondegenerate) and
esstypey; (0) =k while r; (0) = 2 < esstypey; (0).



552 BERNHARD LAMEL AND NORDINE MIR

8. SPACES OF HOLOMORPHIC MAPS IN JET SPACES

Recall that for any positive integer k, we denote the space of jets at the origin
of order k of holomorphic mappings from C¥ into itself and fixing the origin by
JEo(CN).  Given coordinates Z = (Z1,...,Zy) in CV, we identify a jet J €
J(’io((CN) with a polynomial map of the form

Ak
(8.1) J=JZ)= > =z

a€eN", 1<|a|<k
where A% € CV. We thus have for a jet J € J§o(CV) coordinates
(8.2) AR = (AZ)1§|Q|§1€

as given in (8J). Given a germ of a holomorphic map h: (CV,0) — (CV,0),
h = h(t), we denote by jFh the k-jet of h at t for ¢ sufficiently small and also use
the following splitting j¥h =: (h(t), j¥h). Moreover, since h(0) = 0, we may also
identify j¥h with %‘“h, which we will freely do in the sequel.

For later purposes, given a splitting (z,w) € C" x C¢ (where N = n + d)
of coordinates in CV (as for example induced by a choice of normal coordinates
([Z8)), we introduce a special component of any jet AF € J§(CV). We denote the
set of multi-indices of length one having 0 from the (n 4 1)-th to the N-th digit
by S, and the projection onto the first n coordinates by pr,;: CN — C" (that is,
pri(z,w) = z). Then

(8.3) A' = (pry(An))acs-

Note that for any local holomorphic map (C" x C%,0) > (z,w) — H(z,w) =
(f(z,w),g(z,w)) € (C*xC%,0), if j5H = A*, then A! = (%(0)). We can therefore
identify A' with an n x n matrix or equivalently with an element of J&O((C").
Throughout the paper, given any other notation for a jet A\* € J(’fyo((CN), A will
always denote the component of A\* defined above. We denote by G§(C") the
connected open subset of J§,(C) consisting of those jets A* for which det A* # 0,
i.e., for which A! € GL,(C).

For later purposes, it is convenient to introduce the following spaces of functions.
For any positive integers k, s, let F¥ = O({0} x G&(CY) x GF(CY)) be the ring of
germs of holomorphic functions on {0} x G} (CN)xGE(CN) € C*xGE(CN)xGE(CN);
recall that this is just the space of holomorphic functions which are defined on some
connected open subset (which may depend on the function) of C*x G (CM) xGE(CM)
containing {0} x G}(CY) x G&F(CN), where we identify two such functions if there
exists an open connected subset containing {0} x G (C) x G&(CY) on which they
are both defined and agree. For any © = O(t, A}, A¥) € F* we write the Taylor
expansion

Ot AL, A%) = Y 0, (A, AR,
vENS
Let £F denote the subspace of F¥ consisting of those germs © € F* for which

0, (A, A*) can be written, for any v € N*, in the following form:

B, (AL, AF)
(det A1)ev (det AV)ev




PARAMETRIZATION OF LOCAL CR AUTOMORPHISMS 553

for some polynomial B, and some nonnegative integers c,, a,.
In what follows, for x € C? and y € C", we denote by C{z}[y] the ring of
polynomials in y with coefficients that are convergent power series in x.
Throughout the paper, we will need the following elementary facts about the
space £F that we shall freely use.

Lemma 8.1. Let ©1,...,0,,0,41,...,0, be g holomorphic functions belonging to
EF such that ©,41(0, A\, AF) = ... = ©,(0,\!,AF) = 0 for all (A}, A*) € GL(CN) x
GE(CN). Then the following hold.

(i) If V(t,T;y) € C{t,T}yl, (¢, T,y) € C° x CT" x C", then the holomorphic
function

V(t, 0,1 (t, N AR, 00 (8, A AR); O1 (8, A AR), L O, (8, A AR))
also belongs to EX.

(i) If Cltzy) € C{t)ly), Ditiy) € C{}lyl. (ty) € C* x T, and for some
nonnegative integers a,b, D(0; A}, A¥) = (det A1)® (det A1)®, then for every
nonnegative integer m the ratio

C(tv 61(ta >‘1, Ak), R GT(t, >\1, Ak))
(D(t;©1(t, AT, AF), .., O (t, AL AR)))™

defines an element of EF.

9. REFLECTION IDENTITIES

Throughout the rest of this paper, we let (M, 0) denote a germ of a real-analytic
generic submanifold of CV through the origin. This section is the starting point of
the proof of Theorem [[.3l We shall assume, without loss of generality, that M is
given in normal coordinates Z = (z,w) € C" x C? as in (Z.5)) and (Z.6). Recall also
that the complexification M C C x C¥ is the complex submanifold given through
the origin by (). In what follows, we shall keep the notation and terminology
introduced in §7}-§8]

This section is devoted to the first of the three main steps of the proof of Theorem
We establish here some general identities on the complexification M of M (see
Propositions @1 and [@4]), which are valid without any condition on the submanifold
M.

Recall that for any positive integer k, A¥ denotes the coordinates in J(’f)o((CN )
as explained in §8 and A! is the component of A given by B3), corresponding to
our choice of normal coordinates (z,w). In what follows, for every H € Aut(M,0),
following the splitting of the coordinates Z = (z,w), we split the map H as H =
(f,g9) € C" x C%

For the map @ previously defined, we will use the following notation to simplify
our formulas:

Qy, - Qf Qoz, - oz

: s Q= ]
Qyy - Q% Quozy - Qe zy
where & € N” and Q = (Q17~-~,Qd)~

We start with the following well-known computational lemma (see, e.g., [3}, Equa-
tion (3.4.14)]).

Qz =
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Proposition 9.1. There exists a polynomial D = D(Z,(, AY) € C{Z, (}[A'] which
is universal (i.e., only depends on M), and, for every a € N"\{0}, another universal
C?-valued polynomial map Pa = ’Pa(Z,C,A'“‘) whose components are in the ring
C{Z, YA such that for any H € Aut(M,0), the following holds:
(i) D(0,0,A) = det A;
(i) D(0,0,j4H) #0;
(iii) for all (Z,¢) € M near 0,

(9.1) (D(Z7 C,}}F))mal—l QX“ (,]?(C), H(Z)) _ Pa(Z, C7]£a|ﬁ).

Our next identity is concerned with pure transversal derivatives of every element
of Aut(M,0).

Proposition 9.2. For any p € N?\ {0} and o € N"\ {0}, there exist a universal
C?-valued polynomial map %7Q(Z,C,Z’,C’,A‘“‘_l,AW) whose components belong
to the ring C{Z,¢, Z', ¢'}NH=1 Al] and another universal C*-valued polynomial
map QMVQ(Z,C,AMH“‘) whose components are in the ring C{Z, C}[AI*IH#], such
that for any H € Aut(M,0) and for any (Z,() € M close to the origin, the following
relation holds:

|1l _ _
(9.2 O (2)- Que (O H(Z)) = () + (),
where
(93) (1 = T (2,CH(2),H(Q. 34 B E)
and
0,02, f-\MHuIF
(9.4) (%)g = (26, 3¢ )

(D(Z, ¢, GEH) 2ol =1

Proof. Consider the following holomorphic vector fields tangent to M:

o B 0 o o 0 & O 1 4
( . ) J T awj +ij(X,Z,U}) ' 87_ - 8wj +;ij(X7Z7w)aTkv J=141...,a.
We prove the proposition by induction on the length of p. For p € N¢ of length
one, say, without loss of generality, for u = (1,0,...,0), [@2) follows easily after
applying R; to [@I). Suppose now that (@2) holds for all multi-indices u of a
certain length k. Then if p/ € N is of length k + 1, say again ¢/ = (1,0,...,0) 4+
for some p € N? of length k, we apply again R; to ([@.2)), and one easily sees from
the chain rule that (9.2)) is satisfied with p replaced by p/. We leave the details to
the reader. (]

The next lemma deals with the transversal derivatives of the normal component
g of any H = (f,g) € Aut(M,0).

Lemma 9.3. For any p € N\ {0}, there exist a universal C%-valued polyno-
mial map W, = W,(Z,¢, Z’,(’,)\“"*l,A‘“‘) whose components belong to the ring
C{Z,¢, 2", 'Y= AW such that for every H = (f,g) € Aut(M,0) and for any
(Z,¢) € M sufficiently close to the origin,

[k 1]
dHlg :8 fZ-

Owh Owh

(9.6) Q:=(f(2), H(Q)) + (%)s
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with
o (= W (2,6, H(2) T3 5.

Proof. We again prove the lemma by induction on |u].

Let 1 € N be of length one, say = (1,0,...,0). Applying the vector field R;
(as defined in (@3)) to the equation g(Z) = Q(f(Z), H(¢)), for (Z,() € M, one
easily sees that the existence of W), satisfying (3.0]) follows from the chain rule.

Suppose now that ([@.06]) holds for all multi-indices p of a certain length k. Then
if 1/ € N? is of length k + 1, say again y/ = (1,0,...,0) + pu for some pu € N? of
length k, we apply again R; to (@.6]), and the existence of W), satisfying the desired
equality follows again from the chain rule. We leave the details to the reader. O

Combining Proposition and Lemma [0.3] one gets the following.

Proposition 9.4. For any pn € N4\ {0} and o € N"\ {0}, there exists a universal
C?-valued polynomial map 7, .(Z,¢, 7', ¢ =1 AR whose components belong
to the ring C{Z,¢, Z', 'Y A= Al such that for any H = (f,g) € Aut(M,0)
and for any (Z,() € M close to the origin, the following relation holds:

(9.8)
olml f _ _ . B ~ /
Do (2)(Qx=,=(F(Q), H(Z)) + Q:(f(2), H(C)) - Qxo,w(f (), H(Z))) = ()1 +(%)2,

where (%) is given by (@) and (x)] is given by

~

(9.9) ()= T (2, H(Z),H(Q), 7Y 1)

[l

Remark 9.5. In ([@.8), one should see %wﬁjf (Z) as a1 xn matrix, Qye - (f(¢), H(Z))

as an n X d matrix, Q-(f(Z),H(C)) as an n x d matrix and Qye ,(f(¢), H(Z)) =
( 2 (J?(O» H(Z)))1§i’j§d as a d X d matrix.

XY,wq

10. PARAMETRIZATION OF Aut(M,0) ALONG SEGRE SETS

This section is devoted to the second part of the proof of Theorem [.3] which in-
volves two main ingredients: the Segre sets and mappings introduced by Baouendi,
Ebenfelt and Rothschild [I] and the parametrization theorems for singular analytic
systems developed in the first part of the paper. We shall now prove that for a
real-analytic generic submanifold M € C (the class C is defined in 7)), the elements
of Aut(M,0), restricted to any Segre set, are parametrized by their jets at the ori-
gin. Such a property is in fact first shown to be true on the Segre variety attached
to the origin (in Proposition [[0.1]) and then we establish that this parametrization
property “propagates” to higher-order Segre sets (this is done in Proposition [[0.2]).
For both of these results, we now use the fact that M belongs to the class C.

10.1. Segre sets and mappings. We start by recalling the Segre mappings as
introduced in [I]. They play a fundamental role in the study of mappings between
real-analytic or real-algebraic CR-manifolds of arbitrary codimension [, (Bl [39].
In what follows, for any positive integer s, ¢t° := (¢5,...,t5) will denote an n-
dimensional complex variable.

For j € N*, we define the Segre mappings v7: (C™,0) — (C¥,0) inductively:
for j =1, v}(t!) := (¢1,0); and for j > 1,

(10.1) VI ) = (T, QT BU (1L ).
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By definition, given a sufficiently small neighbourhood U; of the origin in C"/, the
Segre set is the image of the neighbourhood U; under the map v’ (for a thorough
discussion, see e.g. [§]). Note that for any j > 1, the map

(CUHD 0y 5 (¢ . 0 ) s (VTN LY B0 (L ) e (CY x €V, 0)

takes in fact its values on the complexification M. In what follows, for any j > 1,
we shall use the following useful notation:

(10.2) il = (1. ).

10.2. Jet parametrization of CR automorphisms along the first Segre set.
In what follows, we keep the notation introduced at the beginning of this section
as well as in §9

The next proposition gives a precise parametrization property by jets at the ori-
gin of all elements of Aut(M,0) and of their derivatives along the first Segre set.
Note that for any H € Aut(M,0) and for any positive integers k, s, (0, jiH, j5H)
and (0, jiH, j¥H) are in the domain of definition of any holomorphic function be-
longing to the space F* as defined in §8

S

Proposition 10.1. In the above setting and with the above notation, assume fur-
thermore that (M, 0) belongs to the class C and denote by ko := k(M,0) the invari-
ant integer attached to (M,0) as defined in §0. Then for any multi-index 3 € NV,
there exists a CN -valued holomorphic map

(10.3) o) =wf (t17A17A~0+|ﬁ|)
— (@? <t17)\1’Ano+|/8|> ,@? <t17)\1’An0+|ﬁ|>) € x e
ggo+|3|

whose components belong to

(i) If we denote by S C NV the set of multi-indices of length one having 0 from
the (n + 1)-th to the N-th component, then for any (A, A") € G{(CN) x
Gy (CN) we have

, satisfying the following properties:

K I K 860 K Y
(10.4) WO, A%) =0, (B(0,A1, A™))ses = — (0,1, A) = X,

(ii) For every H € Aut(M,0), we have
(10.5) (0°H) o) (t) = Wi (", jo H.jo" "' H),
for all t* sufficiently close to the origin in C™.

We prove the proposition by induction on |3|. The induction start 8 = 0 is
treated in §10.2.7] and the induction step is carried out in J10.2.21

10.2.1. Proof of Proposition IOl for || = 0. For 8 = 0, we first note that it follows
from the normality of the chosen coordinates (z,w) that for any H = (f,g) €
Aut(M,0), one has (gov!)(t!) = 0. We may therefore define \/I;(l)(tl, AL AR0) =0,
and it is enough to construct WO(¢1, AL, A%0). Setting Z = v'(t!) and ¢ = 0 in (@)
implies that for any H € Aut(M,0) and for any o € N™ \ {0},

Po (v (t1), 0,707 H)
(D(v(t1),0, i H))2lel -1’

(10.6) Qe (0, (Hov")(th)) =
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for all ¢! sufficiently close to the origin. Using (7)) and the fact that g o v! = 0,
we obtain equivalently

Pa(v! (1), 0,50 H)
(D(Ul(tl)7 033?))2\@—1 ’

In what follows, we use (I0.7) only for multi-indices & € N™ \ {0} with |a| < ko.
For such a’s and for o € N, we set

(10.8)  pa(th, A%0) := Py (v (t1),0,Alel), A (Y, AY) := (D(vi(t1),0,A1))7,

and

(10.7) alGa(f ov'(t"),0) =

Pa(t!, A")
A2|oz|—1(t17 Al) .

It follows from Lemma and Proposition that the map ro = (rk,...,rd)
defines a C¢-valued holomorphic map in a neighbourhood of {0} x G5°(CY) whose
components belong to £/7°. Moreover, since M € C, Proposition [[.5 implies that we
may choose n integers iy,...,i, € {1,...,d} and n multi-indices oV, ... o™ €
N™\ {0} of length < k¢ so that z — (cj;l(l)(z,O), ce q’;"('n)(z, 0)) is of generic rank
n. Consider the following system of complex-analytic equations in the unknown
T eCr 1t

(10.9) o (th, AR0) =

(10.10) algh, (Th,0) =¥, (', A%), v=1,...,n
By Corollary [32] there exists a holomorphic map
(10.11) I9 = T9(tH, X', A%): C" x GLy(C) x G5 (CN) — €
defined in a neighbourhood of {0} x GL,(C) x G§°(C¥), satisfying
O YL AW aro N1 Ak It
I'7(0, A%, A%) =0, T L0, A}, AR0) = )

such that if u: (C",0) — (C™,0) is a germ of a biholomorphism satisfying (I0.10)
for some A% € G5°(CN), then u(t') = T9(t!, jlu, A®). Hence, since for any
H € Aut(M,0), t* — (f ov!)(#!) is a germ at 0 of a biholomorphism satisfying
I0I0) with A% = j{°H, in view of (I0.1), (I0.8) and (I0J), we have

_ 9 -
(10.12)  (fou!)(t") =Yt j3(f o "), 6 H) = I} (tl’ (a_£(0)> ’J'S(’H) |
Therefore if we set WO(#1, A1, A%0) := (¢}, X1, A%0), we are left to prove that the
components of W9 (¢!, A1, A%0) belong to £F°. For this, we write the Taylor expansion
(10.13) TO(, AL AR0) = T, AL A™) = > 7 1) (AL Am)(#1)7.

yEN"

From Corollary (ii) we know that for each v € N™, there exist positive integers
ey and s, such that T _(A!, A"°) can be written in the form

y (Xl’ ((3517”a)(0,/\“°))1<|a<m>

[v|<sy

(10.14)

)

(det A1)er
where p, is a C"-valued polynomial map of its arguments. Since each component
of the map r,, |a| < Ko, belongs to £f°, it follows from ([0.14)) and (I0.I3) that the
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same fact holds for every component of \TJ?. This completes the proof of Proposition

0T in the case 8 = 0.

10.2.2. Induction for Proposition 0.1l Assume now that Proposition [0.1] holds
for all multi-indices 3 € NV of length |a| < k, k € N, and let § = (d1,...,0y) € NV
with |§| = kK + 1. Suppose first that there exists m € {1,...,n} such that d,, > 0.
Then by setting

Sl \1 prot+k+1 .,a\I’{j 1 y1 pwotk
(10.15) Wi (t , AT, Ao )= ﬁ(t,)\,/\o ),
where t! = (t,...,t}) € C" and 8 = (B4,...,0n), Bi = 0; for i # m and 3, =
Om — 1, we see that the derivative of order ¢ of every H € Aut(M, 0) is parametrized
in the right way and we are done in this case. Equation (I0.I5]) also shows that
the parametrizations ¥ with § € S are constructed in such a way that the second
part of (I0.4) holds. We may now therefore assume that é; = ... = ¢, = 0 (and
6] = k+1). Weset t = (6p11,---,0n) € N? and we note that |u| = |[§| = k + 1.
Using ([@.8) and (@.3)) in which we set Z = v!(t!) and ¢ = 0 and using the fact that
Q(2,0,0) = 0 (normality of the coordinates), we obtain the following equality for
every a € N*\ {0} and every H = (f, g) € Aut(M, 0) and every t' € C" sufficiently
close to the origin:

_ 1 A Slol+k+1+
(1016) al (@) o vt)- 2o (ot 0) = el 0do H)
0z Agja)+k(th, o H)

"’%,a (vl,O,Hovl,O, ((85H) ovl) j +1F).

k
1<|8|<k J0

We have deliberately dropped the variable ¢! in (T0.I6) to simplify a bit the formula.
In what follows, we restrict ourselves to multi-indices @ € N such that |a| < ko.
For such o’s, we set

= Qo (v (1), 0, Alal+k+1)
10.17 E,a(th, Afothtly = Zi )Y, 7
o ol ! Agjal+k(th, AL)

(10.18) Yo (th, AL, AR tRFL)
=T, <v1(t1),0, TO(£1, AL, AR, 0, w§k>(t1,A1,A~o+k),Ak+1) .
In the last equation we use the notation

U (1 A AR = (W AT, At .
1() ) ) 1(7 ) >1§\5\§k

It follows from (I0.8]), (I04]), Lemma Rl and Proposition that the mappings

=, and T, o define holomorphic mappings in an open neighbourhood of {0} x

Ga(CN) x gg‘)*’“fl (CN)in C™ x J&O((CN) X J&%"’k"’l (CN), whose components belong

to Erotk+1 Consider the following linear singular system in X € C™:

(10.19)

i

0G0, ~
a1 X.%(\p?(t{)\l’[\no)’o) =2, 40 (t17Aﬁo+k+1)+'ru’a(y)(t1’)\I’AnoJrkJrl)’

forv=1,...,n. By (I0.I6) and the induction assumption, for any H € Aut(M,0),
X = (9l f)ov' satisfies the above system with \' = j§ H and Arot+ 1 = Jootk T,
Now, the holomorphic map z + (q'',,(2,0),...,q.%.,(2,0)) is of generic rank n,
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vy
WI(0, !, A"0) = 0, and aTll(O,Al,A*‘O) is invertible for all (A\', A%0) € G3(CV) x
Gy°(CN) by ([[04). Hence we may apply Proposition to conclude that there

exists a holomorphic map

(10.20) D8 =T (2, AL AR tRtHL) . € s GH(CN) x ggoth () — c»
defined in a neighbourhood of {0} x G§(CN) x GEoT™ 1 (CN) which satisfies that if
X: (C",0) — (C",0) is a solution of (I0IJ) for some (Al, ARo+th+l) ¢ GL(CN) x
GEotEHL(CN)), then X = X (t!) = T (#!, A1, A"otF+1) We set

(10.21) WY (N ARo Ry s T (1 AT Aot

(10.22)

B AL AT s (01 (81), 0, W9 (8, AT, A0), 0, WP (1, AT, AR, 4B,

where W, is the C?-valued polynomial map given by Lemma[@.3l In view of Lemma
03] the constructed map W9 is the desired parametrization for the é-th derivative
of all elements of Aut(M,0). It remains to check that its components belong to the
space £F0TF+L In view of the induction assumption, Lemma B1] (i) and (I0.22),
this fact is clear for all the components of \Tl‘lS To deal with the components of \Tl‘ls,
we first expand \Tl‘ls in a Taylor series:

(10.23) WY(#H, A, ARoTRFL) = Dt AL ARoTRFL) = N D (AT Aot (1)
yEN™

Note that from Proposition B3, we know that each T (A!, A"FTF+1) is of the
following form:

c, [(( ;Eu,ax(am,a),<a;@?>)1<|al<m,]

[v[<sy

~0 e,y b
[det <%(O,)\1,A*’"O)>]

where C is a C"-valued polynomial map of its arguments, s, and e, are pos-
itive integers, and the numerator is evaluated at (0, A\, A®o+*+1) " Since each

(10.24)

component of the \Tl(l), Epa and T, for |a] < ko belongs to Ef0FF+L and since
v ~

aTll(O,/\l,A”O) = A by [@T3), it follows clearly from (I0Z3) and [[0.24) that
each component of \Tf? belongs to the space £+ 1. This completes the proof of

Proposition [0.1]

10.3. Iteration along higher-order Segre sets. We now turn to constructing
a parametrization for the elements of the stability group Aut(M,0) along higher-
order Segre sets analogous to that obtained along the first Segre set in §10.2] For
any positive integer k, we recall the notation t[* = (t',...,tF) € C"* as introduced
in (I0:2). We will prove the following.

Proposition 10.2. With the previous notation and under the assumptions of
Proposition [[Q1], the following holds. For any k € N* and any multi-index 3 € NV,
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there exists a CN -valued holomorphic map

(10.25) Wy = WY (¢ A ARrotIAl)
= (WP (F \Y, ARRo+ 181y @B (4Rl 1 ARRo+IBlY) € C x €2,

whose components belong to Efzoﬂm, satisfying the following properties:

(i) If we denote by S C NV the set of multi-indices of length one having 0 from
the (n+ 1)-th to the N-th component, then for any (\', A¥®0) € GL(CW) x
Gomo(CNY we have

WR(0, A, AF0) =0,

029 G0, A0 = Wk 0,0, ) = {% ks odd.
(ii) For every H € Aut(M,0),

(10.27) ((0°H) o ™) (¥ = WP (¢ i, jo™ P H), if & is odd,

(10.28) (0P H) o ™) (M) = WP (M S0H, jerot P ) if k is even,

for all t*] sufficiently close to the origin in CF".

We prove Proposition [[0.2] by induction on k. For k = 1, the result is exactly the
content of Proposition[I0.J] Suppose now that the result holds for allk € {1,...,m}
and let us prove the proposition for K = m + 1. We assume that m + 1 is even,
and leave the odd case to the reader. We shall construct the maps (¥ +1)genn by
induction on |3].

10.3.1. Construction of the parametrization 9 . We use (@) in which we set

Z = vmtl = AL (g H) and ¢ = o™ = o™ (¢M]). We get for every o € N™\ {0},
Pa(v™F, 0™, ((97H) 0 0™)1<|p|<|a))

(D(vm+1, 5m, ((3ﬁﬁ) o @m>w:1))2\a\—1 ’

(10.29)  Qya(fod™ Hoov™) =

for all t™*+1 sufficiently close to the origin in C™*tD"  In what follows, we will
only use ([I029]) for multi-indices @ € N™\ {0} such that |a| < kg. For such o’s, we
set

(10.30)  pq(tm 1 AL AlmFDxo)

P, (,Uerl (t[m+1]) LM (t[m]) 7\1157‘?‘)@[1%]’ )\17 AmnDJr\a\))

—_— 2a|—1"
(D(Um+1 (t[m+1]) ,om (t[m]) 7\11%) (t[m], )\17 A'rrmo-‘rl)) o
As before, for any integer k we set

W) (glm] (1 pAmmotky _ (\pB (4m] N1 pmeo+|B]
(Il N1 Aok = (W ) )

and note that in (I0.30) the bar is applied to the parametrizations V2, viewed as
functions of the variable ¢t[™l only. It follows from Proposition (i) and (I0.26)
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(with k = m) that
D(0,0, TV (0, A1, A™ 0F1)) = det (T2, (0, A1, A 0+1)) 5e )
= det Xl.

This shows that for each a € N\ {0} with |a| < ko, 00 := (0, .., 0%) defines a C%-
valued holomorphic map near {0} x G§(CN) x Ggr=otH(CN) c clm+hn x g (CN) x
GarotL(CN).  Moreover, it also follows from Lemma 1] (ii) and the induction

assumption that the components of each g, belong to the space 5((77:111))50 Next,

(10.31)

we notice that we have
(10.32) Hov™M =™ (fou™ foo™, ... forl).

Since M is assumed to be in C, by Proposition [[.3] we may choose n integers
i1,...,in € {1,...,d} and n multi-indices oM, ..., a™ € N\ {0} of length < kg

so that z — ((joil(l) (2,0),... ,(jo’;?”) (2,0)) is of generic rank n. Consider the following
singular analytic system in the unknowns (T%,...,7™*!) € C" x C"... x C" =
(C(m+1)n:
(10.33) '
7;”(1(”) (T™, o™ (T T ) = 0" (t[mﬂ]’ )\1’A(m+1)'€0)’ v=1,....n,
TF = WO (M, AL, Akno), ke{l,...,m}, kodd,
TF = WY (tF N1, AFro), ke{l,...,m}, keven.

Note that by ([0:29), (I030), (I0:32) and the induction assumption, for any H =
(f,9) € Aut(M,0), the map
(10.34)

(TY, T2, 7™, 7™ = 9, (t[m“]) = (foul, fov?..., fou™, foumtl)

is a solution of the system ([033) with A! := jOH and A(m+Dro .= jim+hro g
Moreover, it follows from the normality of the chosen coordinates (z,w) that the
Jacobian matrix of the map 9 is the following (m+1)n x (m+1)n block triangular
matrix

50) 0 0 0
0 2o , 0 ... 0
(10.35) 0 0 o o o
: : 0 0
0 0 0 0 2o

Hence the map ¥y is a local biholomorphism of Cm+D7 fixing the origin. In order
to apply Corollary so as to get a parametrization of the invertible solutions of
the system (I0.33)) we need to check that the holomorphic map

(TY,..., 7™, T+ (Tl, LT (Q o (T™ ™Y ,Tm+1))) )
X% v=1,...,n

is of generic rank (m + 1)n. Since the Jacobian of this system with respect to
(T, ..., T™1) is equal to the Jacobian of the map

(T T T s (@) (T 0™ (T L 1))

v=1,...,n
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with respect to 7™%!, it is enough to check that this map is of generic rank n for
generic T1,...,T™ (or, equivalently, is of generic rank n for one particular point
T},...Tg). This is indeed the case since, by the above choice, the holomorphic
map

T QU 0T 0) = () (T70), g0 (T7,0))

is of generic rank n. We may, therefore, apply Corollary to conclude that there
exists a holomorphic map

(10.36)  T9.,1: CO D™ 5 GLimp1n(C) x G (CN) x G§™ DNy — clmtn

defined in a neighbourhood of {0} X GL(m41)n(C) x G§(CV) x gém“)”‘) (CV), satis-
fying
ors,.

1 A(m+1)koy
ST (0, AN A )= A

(10.37) 10, 1(0, A, N AlmHDRoy —

for all (A, AL, AUmtDR0) € GL(my1)a(C) x GA(CN) x G (CN) such that if
w: (COm+Om ) — (Cm*+D7 0) is a germ of a biholomorphism satisfying (I0.33)
for some (A1, A(m+DR0) € GHCN) x G5o(CN), then

w (H ) = G, (7, jhu, A, A D),

Consider the following map @: G§(C") x GJ(CY) — GL(m+1)n(C) given by

X0 0
0 A 0 ... 0
(10.38) ALAD > wALAY =] 0 0 A 0 0

o
je)

o 0 o o0 A
We write T, 1 = (T%! 1, ..., T0™ ) € C* x € x ... x C" = CO™D™ and set
(10.39) WO, (¢ N A Doy . POl md] (AL ALY AL Al Dm0y,
Since for every (AL, AlmDRo) € GH(ECN) x GV W0 (0, AT, A(m IR0y = 0

and U9 (0, A1, Am*0) = 0 by ([0.37), (I0.39) and the induction assumption, we
may also set

(10.40) WO, (tm+1 AL AlmFDroy

= QWG (t AT AL EDR0) GG (¢, AT, o)),
Then W0, = (W9, ,, W0 . ) defines a CN-valued holomorphic map in a neighbour-
hood of {0} x GL(CN ) x G{m I (CN) in Cm+Dn 5 GLECN ) x g™ "0 (CN) and sat-
isfies WO, 1 (0, AL, ARy — 0 for all (AL, Atm+Dso) € GL(CN) x g{mHHmo ().

Furthermore, in view of ([035]), (I0.38) and the above construction, for any H =
(f,9) € Aut(M,0), we have that for t"*+! sufficiently small in C("+17

(1041)  (How ) () w6 L),
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0

or
From (I037), we have at[:"nill] (O,w()\l,Al)7)\17A(WL+1)K0) = w(A', A!) and hence

from (I0.3])) and ([I039]), we get that
0¥,
athrl
for all (A}, A(mH+Dro) ¢ GL(CN) x g™ FDFo(CN). This proves part of (I0.26).
To finish the case § = 0, we need to check that each of the components of the

(07)\17A(m+1)n0) — Kl

constructed parametrization W9, belongs to the space 5((:11:11)):0 It is actually
enough to prove that each component of W9, is in 5((5;111)):0 by (I040), Lemma

B (i) and the induction assumption. Consider the map I'?, | ; given in ([0.36) and
obtained from Corollary B2 applied to the system (I0.33). Then from that result,
we know that if we write the Taylor expansion

F?n+l(t[m+1] ) Aa )‘la A(erl)no) = Z F(T)n+1,'y(Aa )‘la A(erl)KO) (t[erl])’Y )

,YeN(m-H)n

then each I'°

01 (AN A(mH+DR0) can be written in the following form:

QW(A’)\l,A(m—&-l)no)
(det A)e~ ’

(10.42)

where e, is a nonnegative integer and Q. (A, \!, A(mH+Dro) s 3 polynomial map in
the following arguments:

Sny 1 (m+1)ro
(10.43) ((8t[m+1] 0a)(0, A7, A ))la‘§K07
(10.44) (07 WO N A™S))
S~y 1.0 1 mk
(10.45) ((aﬂmmqu)(o,x A 0))1§kgm

and in A. Here s., denotes some positive integer. By the induction assumption and
the discussion after (I0.31]), each component of each term in (I0.43), (I0.44) and
in (I0.45]) can be written as a polynomial in A' and A™"° over a product of powers
of det A! and det Al. Now, if we write the Taylor expansion

‘T’ron+1(t[m+1]a)\1,/\(m+1)”°) = Z ‘T/?n+l,’y(>\1,/\(m+1)n0)(t[erl])’Y,

,YeN(m-H)n

then in view of ([I0.39), each component of \TJQHM()J, AlmH+Dro) ig 4 component

of (I042) with A = w(A!, A'). From ([[0.38) and the above discussion, we see that
(m+1)rko

(mt1)n - This completes the

each component ‘I/% 11 indeed belongs to the space &£
proof of Proposition [[0.2] in the case § = 0.

10.3.2. Induction for the construction of the parametrizations (\ij,b_i_l)/BENN. We
assume here that the desired parametrizations \I/Jﬁ for all j € {1,...,m} and all

B € NV as well as the parametrizations \Il,ﬁn 41 for [B] < 7 have already been
constructed. We will construct the parametrization W9 ,; for § € NV of length
r + 1 with the desired properties. We first reduce this to the construction for §
corresponding to purely transversal derivatives in Lemma [[0.4], and start with the
following computational lemma.
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Lemma 10.3. With the above notation and assumptions, the following hold.
(i) For any H € Aut(M,0), we have

A
S m+1 (t[erl] lH j(m—H)HDH)

(B ) () () ),

for all /1] sufficiently close to the origin in C D7,
(ii) Let

(10.46)

Ir:{,UGNN;“L‘:r}’ J7‘:{V€Nd:|1/|:'r_|—1}_

For every multi-index § € NV of length 41, there exist holomorphic n x 1 matrices
(hyus)uer, and holomorphic functions (&,.5)ve, defined near the origin in C(m+in,
such that for any H € Aut(M,0),

(10.47)
(@00 v) (1)
_ Z %‘ijll ( g1l g7 S [(mADsotr gy ) s (t[m+1])
nel,
£ 3 6 (H) @TH . Um> ().
ved,

Proof. Part (i) of Lemma follows by differentiating the identity
(H ov™ ) (t[m+1]) =H (tm“, Q (tm+1, o™ (t[m])))

which holds for all H € Aut(M,0), with respect to ™1,

To prove (ii) for every § = (61,...,6n) € NV of length r, we set g5 :== >, d;,
and we prove ([0.47) by induction on gs. If g5 = 0, (I0.47) is a trivial statement.
Suppose now that gs > 0 with § € NV of length 7+ 1. Then we may write § = e +w
with e € S (S denotes the set of multi-indices of length 1 having 0 from the (n+1)-
th component to the N-th component, as defined in Proposition (1), qw < g5
and |w| = r. Differentiating the identity

\Ij‘;;)@-i-l( [m+1],j6H (erl)noJrT ) _ ((8w oML (t[m—i-l])

)
<(aw )(tm+1, Q(tm+1, 57n(t[m])))> ,

which holds for all H € Aut(M, 0) with respect to ™!, we get (similarly to what
was done for the proof of (i)) that

OVE 1 (Lim+1] a7 smtDsotr ) _ (9w m1 ) (pIm+1]
(10.48) W(t GH, 5 H)_ - (0H) ) ov (t )

+Q. (11 (t[ml)).((ai @0°H >) m) (1tm+1).
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Hence (I048)) and the induction hypothesis show that (0° H)ov™*! may be written
in the form (I0.47). The proof of the lemma is complete. O

We let O,,1 denote the set of multi-indices § € NV of length 7 4 1 with 0 from
the first to the n-th component. Note that the set of multi-indices in N¢ of length
r+1 can be identified with O,.4; via the map N¢ 3 v — (0,v) € O, ;. The purpose
of Lemma [I0.4is to show that it is enough to find the parametrizations \I/fn 41 with
§ € Oy41 to get to the parametrizations W9, for all § € NV of length r + 1.

Lemma 10.4. Assume that one has constructed the parametrizations (\I/E!L—‘rl) for
all multi-indices B € O,11 satisfying the required properties of Proposition [10.2].
Then one may construct all the parametrizations (\I/an) for all multi-indices § €
NV of length r + 1 satisfying the required properties of Proposition [1.2

Proof. If r > 0, for any multi-index 6 € NV \ O, 1, we set (writing t = t[™+1)
(10.49) O (A A<m+1>"vo+’“+1)

=) 3tnT—:_11 (t, A1 AT s ()
nel,

D s (1) W (8 AT AT DR,
veJ,

Then it follows from Lemma [[0.3] (ii) that the desired parametrizations are con-
structed for all ¢ of length r 4 1. Moreover, it is clear that since each component of
\I/mJr1 for 8 € O,41 or for || = r belongs to the space 5(m+1)zo+7+1 by assumption,
the same fact also holds for each component of W9, (t[m+1], AL A(mADrotr+ly with
0 & Opyy.

In case 7 = 0, note that N%\ O, coincides with S as defined in Proposition
(i). If the parametrizations W° | for § € O,41 have been constructed, then
we may set

owo
) [m+1] 1 (m+1)ro+1 . m—+1
(10.50) (\I/m+1 (t LA ))665 =t

_ <\1,g1+1 (t[mﬂ]’)‘l’A(mH)RDH))(Seo Q. <t'm+1,,l—}m (t[m])> 7
1

where we see (U2, 1)ses as an N x n matrix and (U9, 1)sco,,, as an N x d matrix.
It follows from Lemma [[03] (i) that the parametrizations are constructed for all §
of length 1. Tt also follows from (I0.50) that our construction gives

o, .,
6tm+1

(t[erl] , )\17 A(m+1)m0)

(U941 (0,1, AR )5 g = (0, AL, Alm+1m0),

which proves the required condition in ([I0.26). Finally, since each component of

W | for p =0 or for p € Or41 belongs to the space E(nfillgsﬁl

the same fact also holds for each component of W9, (¢m+1 A1 A(mFDro+ly with
0 € S in view of (I0.50). This completes the proof of Lemma [10.4] O

by assumption,

By Lemma [[0.4] it is now enough to construct the parametrization W9, for
5 € NN with [§| =7+ 1 and § € O,;1. In what follows, we fix such a multi-index
§, and we, therefore, write § = (0, ) with u € N? and |u| = r + 1.
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We start by using ([@8) in which we set Z = v™*+! = ¢+l (¢m+1]) and ¢ =
o™ = o™ (™). We obtain that for every v € N\ {0} and for every H = (f,g) €
Aut(M,0) the expression

(10.51) (%;{ o um“) :
(Qyo,2(fov™ Ho V™) £ QL (fov™ T Hot™) - Quaw(fot™, Ho o)
is equal to (I0.52)+([{0.53), where
(10.52)
T, o (o™ 0™ Hov™ ! Hou™, ((0°H) o Um+1)1§|5|gm ((0"H) o ™) 1<|8)<r11) 5
Qpua (v, 0™, ((0°H) 0 0™)1<|/<|al+r+1)
(D1, 5m, (97H) 0 5™)g=1)) "

As in all previous analogous situations, we are only interested in multi-indices
a € N™\ {0} such that |a| < kg. For such o’s, we define the following n x d matrix
with holomorphic coefficients near the origin in C("+1)7:

(10.53)

(10.54) Ko (TH,T% ..., 7™ = Qo . (T™, o™ (T, ..., T )+

Q.(T™ a™(TY, ..., T™)) - Qya o(T™, 0™ T, ..., T™ ).
Here each 79 € C", j =1,...,m + 1. We also write K,, := (K},..., K%) and set
(1055) ¢# a( m+1 )\1 A(m+l)no+T+1)

Qo (vm+17 o, \1155“))

e m+1» m+1

=T (0 om0, T )

— \ 2|al+r
(D1, om,9i))

By the induction assumption, (I03T) and Lemma BT} ¢p.0 := (¢}, -, ¢% ) de
fines a C%valued holomorphic map defined in a neighbourhood of {0} x G§(CV) x
G{m DR L (N i CmADR x GL(CN) x G TR (CN) | whose components

g(m-l—l)no—i-r—i-l

belong to . Since M is assumed to be in C, we may again, by Proposi-

tion[Z.5] choose n integers iy, ..., i, € {1,...,d} and n multi-indices a® . alm e
N™ \ {0} of length < kg so that z — (¢ (2,0),...,4 7, (2,0)) is of generic
rank n. In what follows, we write Y* = (Y*,....Y¥) € C", k € {1,...,m}
and for j = 1,...,n we denote by {Iv/%j (resp. \Ilz ) the j-th component of ‘Ilg

(resp. @) Consider the following linear singular analytic system in the unknowns
(X,Y'...,Y™) e C" x C" x ... x C" = C™*tD" given by

(10.56)
XKl (T ..., 7™ = ¢ffa<u>(t[m+”,/\1,A‘m“)“*"“), 1<v<n,
vh.Th = sz‘“( B XY ARR0) 1< j<n, 1<k<m, kodd,
YE-TF =007 (¢ N AR ) 1< j<n, 1<k <m, keven,
in which for every k € {1,...,m + 1} we have set
. WO (¢ XL, ARRo) if k is even,
(10.57) TF = { =%
WO (¢lk1, AL, ARRo) i k is odd.
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In view of (I0EI), (I052), (I032), (I0.54), (I055) and the induction assumption,
we know that the vector ((9%f) o v™t1 1,1,...,1) is a solution of the system
([056) with A! = j1H and A(mFDro+r+l — GmFDRotr b g0 any H € Aut(M, 0).
To apply Proposition [6.3] to get a parametrization of the solutions of the system
(I058)-([I057), we need to check that the (m-+1)n x (m+ 1)n matrix associated to
this linear system has maximal generic rank and that for all (!, A(m+Drotr+ly ¢
Ga(CN) x Q(()mH)KOMH((CN), the mapping Z: (C("*+D7 0) — (Cm+D7 0) given
by

(1058) e (B9, ), WY ), WG, (1, ), Y, (1, )

is a local biholomorphism at the origin. Let us check the first condition. The
(m+1)n x (m+ 1)n matrix associated to the linear singular system ([0.56]) is given
by the following;:

K(TY,...,T™+) 0 ... 0
0 Tr 0 0
: 0 . 0 0
0 T} 0 0
(10.59) )
0 T? 0 0
0o .0 0
: P | 0
0 O ... ... ... ... 0 1T™M
where TF = (TF,...,TF) for k = 1,...,m and K is the n x n matrix whose
columns are given by the vectors K;“(V), v =1,...,n. Hence it is enough to show
that K has generic rank n. In fact, we claim that K restricted to the subspace
T' =...=T™ =0 already has generic rank n. Indeed, in view of ([0.54) and the
normality of the chosen coordinates (z,w), K(0,...,0,7™%1) is the n x n matrix
g,
whose columns are the vectors a(*)! %(T’”H, 0) for v = 1,...,n, which proves
z

the above claim and the fact that the matrix (I0.59) has generic rank (m + 1)n.
We now prove that the local holomorphic map given by (I0.58) is invertible at
the origin. For this, we note that its Jacobian matrix at the origin is a (m + 1)n
lower triangular matrix by blocks with (m + 1) blocks of size n x n in the diagonal.
Moreover, in view of ([0.26]), we obtain that this matrix is of the following form:

X000
x« Al 0 0
(10.60) * o+ A0 0
* * * 0

* o+ & % Al
and hence is invertible. This shows that the map given by (I0.58) is a local bi-

holomorphism. We may now apply Proposition to conclude that there exists a
holomorphic map

(10.61) TH L CmDn s GHENY x g{m Dot eNy ¢ x ¢
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defined in a neighbourhood of {0} x GL(CN) x G{™ V™™ 1(CNY) such that if
(X,Y): (CimtDn gy — (Clm+hn )

solves ([056)—(I057) for some (A1, A(m+Drotr+1y ¢ GL(CN) x g{m Dot (N,
then (X,Y) = (X (¢l 1) [y (em+i))y =Tk (dlm ] AL A+ Drotr+1) We write

Ll o= (Fﬁ{il,rﬁ{il, e ,Fﬁ,;ffrl) eC"xC"x...xC"
and set
(1062) B, A+, AL AmHDsosrety  ped gty Gt Drotre)
(10.63) @%+1(t[m+1],)\1,A(m+1)”°+T+1)

= = = _ =5 (1)
=00 Q30 T + W, (Um+1,vm7q;9n+1, o o) el )) 7
where W), is the C%valued polynomial map given by Lemma In view of the
above construction and Lemma [3.3] the map \Ilfn 41 is the desired parametrization
for the -th derivative of all elements of Aut(M,0). It remains to check that its

components belong to the space 5((;1111)):0”“. In view of Lemma B1] (i), (10:62]),
([I063)) and the induction assumption, it is enough to check that the components
of the map I'}, | given by (I0.61) belong to the above-mentioned space. For this
we write the Taylor expansion

(10.64)

.

F“erl(t[erl]’ AL Al Dmotrdly Z I‘Herlﬁ()\l’A(erl)noJrrJrl) <t[m+1]) .
nyN(m+1)n

From Proposition we know that I

m+1,y
the following form:
(10.65)

By | (0 60) 0N A DR, G 00), (05 80)) <oy 1

[v|<dy;1<k<m+1

(AL, A+ Drotr+1) may be written in

Y

0T 1 (m+1)ko+r+1 “
[det (W(O,)\ ,A 0 )

where B, is a Cm+Dn_yvalued polynomial map of its arguments, ¢y and d, are
positive integers, and the last two arguments of B, are evaluated at (0, AL, ARro),

Since each component of the ¢, o, \Tlg and \flg for 1 <l|a] < kg, 1 <k<m+1

belongs to the space 5((;1:11))7:0%“

assumption and since the Jacobian matrix of Z is given by (I0.60), it is clear
that each component of I'" 41 belongs to the space 58:;1)):“”1. This completes
the induction part of the proof of Proposition [[0.2] and hence the proof of that

proposition.

by the above construction and the induction

11. Proors oF THEOREMS [73, [74 211, B2, 23] [T,

In this section, we keep the notation introduced in §I0

Proof of Theorem [[.3l By the minimality criterion of Baouendi, Ebenfelt and Roth-
schild (see e.g. [3]), there exists 1 < k; < d + 1 (where d is the codimension
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of M in CV) such that the generic rank of the Segre set map v*' is N. Ap-
plying firstly Proposition with k& = 2k;, we obtain that there exists a map
W, C2F o GH(CN) x G2k1ro(CN) — CN holomorphic in a neighbourhood of
{0} x GA(CN) x G270 (CN) whose components belong to the space 522:113" such
that for every H € Aut(M,0) and for every /2] sufficiently close to the origin in
C?#17 the following identity holds:

(H o w0 )(t24) = W, (120, LR, j2mo ).

Here we recall that kg = k(M,0). By mimicing the proofs of [3 §4.1], one may
construct a map W0: CN x G§(CN) x G2¥%0(CN) — CN holomorphic in a neigh-
bourhood of {0} x G&(CN) x G2*¥1%o(CN) whose components belong to the space
512\[k1”° such that for every H € Aut(M,0) and for every Z sufficiently close to the
origin in CV the following identity holds:

H(Z) =9°(Z,jiH, j2" " H).

Now the map 1(Z, A2#1%0) .= WO0(Z, AL, A%k1%0) satisfies all the conclusions of The-
orem [Z3] except that 1 is a function of A2*1%0 ¢ Gg(dﬂ)ﬁo (CN), which is twice more
than claimed. To complete the proof of the theorem, we apply again Proposition
with k = k1, which may be assumed to be even (the other case being analo-
gous) and obtain the existence of a map W) : C"*1 x GH(CN) x gho(CN) — N
holomorphic in a neighbourhood of {0} x G§(C™) x GE**(CN) whose components
belong to the space Slfllso such that for every H € Aut(M,0) and for every tl*1]
sufficiently close to the origin in C*1™ the following identity holds:

(11.1) (H ovm) () = w) (e 50H, jemo /).

By mimicing the arguments of [3], §4.2], one may construct by using (ITI]) and the
above map W%, another map ®: CN x G3(CN) x Gor*(CN) — CN holomorphic in
a neighbourhood of {0} x G&(CN) x G¥1#o(CN) whose components belong to the

space Ellffl 0 such that for every H € Aut(M,0) and for every Z sufficiently close to
the origin in CV the following identity holds:

H(Z) = ®(Z,joH, jo " H);

the details are left to the reader. Then setting ¥(Z, A¥1%0) := &(Z, AL, AF1%0) yields
the required parametrization. The proof of Theorem is complete. O

Proof of Theorem [[4l Theorem [(.4] follows directly from Theorem [7.3] and from
repeating the arguments of [3, §4.3]. We leave the details to the reader. O

Proofs of Theorem 211 and Theorem 2.2 Firstly, note that to prove Theorem 2.1
it is enough to prove the parametrization property for the stability group of (M, p)
for every p € M. Then Theorem 2.1] (resp. Theorem 2.2)) follows immediately from
Theorem (resp. Theorem [(4]), Proposition and the upper-semicontinuity of
the map M 3 q — rpr(q) (see §.1)). O

Proof of Theorem 23l Firstly, when M is generic, Theorem 2.3 follows from the
fact that compact real-analytic CR submanifolds of CV do not contain any complex-
analytic subvariety of positive dimension ([I9]) and hence are essentially finite at
all points, from the upper-semicontinuity of the map p — £, in Theorem and
from the reflection principle proved in [7]. When M is not generic, one proceeds
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as follows. By [8], there exists r € {1,..., N — 1} such that for every point p € M
there exists a neighbourhood U, of p in CY and a neighbourhood W, of 0 in
CN such that M N U, is biholomorphic to W, N (J\/i\p x {0}), where ]\/Zp is a real-
analytic generic submanifold of C" containing the origin, minimal at each of its
points and not containing any complex-analytic subvariety of positive dimension.
By using Theorem [Z.2] for every p € M we may assume, shrinking ]/\4\ near the
orlgln if necessary, that there exists a positive mteger kp so that germs at any point
q € M of smooth CR diffeomorphisms mapping Mp into another real-analytic
generic submanlfold of C" of the same CR dimension as that of M are uniquely
determined by their k,-jets at ¢. Then the theorem easily follows by using a finite
covering of M by the neighbourhoods U, for p € M. The proof of Theorem is
therefore complete. O

Proofs of Theorems [Tl and L2l Since real-analytic hypersurfaces which contain
no complex-analytic subvariety of positive dimension are automatically minimal
(see e.g. [8]), Theorem [[1] (resp. Theorem [[2) follows immediately from Theorem
211 (resp. from Theorem 2.2]). O
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