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The Killing operator

e Riemannian manifold M with metric g,
e X% a (locally defined) vector field on M

Lie derivative Levi-Civita connection
v \ \
Xl — %»CXgab = %(vaXb + vaa) = V(G,Xb)
i A
. Killing =
Euclidean three-space g=k

Xp —> 0, Xp = 0o Xp) + Oq Xp] symmetric + skew

Killing curl

grad ( VECIOIy curl (VecClory div
{functions} —— { e }—>{ e } — {functions}

~~r~ |de Rham complex
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The Saint-Venant operator

curl (on R3) X, — ¢,¢0, X, where ey, = volume form

curlcurl (on R3) hgp — eaceebdfﬁcﬁdhef

Theorem (Saint-Venant 1864)

7

{vector} Killing {symmetric} curlcurl {symmetric}

flelds tensors tensors
_ div \L
IS locally exact { G }
In particular, locally fields

hab = 0aXp)y < 0aOchpq — OpOchad — 0aOghie + OpOghac = 0

‘Integrability conditions’ | Proof?
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Killing fields In flat space

6(aXb)=0 <~ 0 Xp = Uap skew
Outtpe = 0 optional extra

oe = OpXe = fpe = a[b*Xc] — a[a,ubc] =0
~ 8&/%0 = acﬂba = 8b,uca = 0c.0p Xq — Op0:. Xy =0 V

Prolongation connection

A X X, —
& 9[ b]|_>[aa b Mab] Flat
/\2 Hbc aalubc

n(n+1) translations: n

« dim{Killing fields on R"} = —— rotations: n(n—1)/2
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Killing fields in curved space

VXpy =0 <= VaXp = lab skew
Vallee = Rp%e Xy optional extra

Prolongation connection

Al X X, —
& 9[ b]&)[ VaXp = Uab ]

/\2 Hbe Valbbe = RbcdaXd
Curvature
X 0
DMDH[ C]:[ , . 1o ]
Hed Rap [cHd]e T Req [atble — 2 \Y Rabcd)Xe

M < Rgupeq = CONStant x (gacgbd - gbcgad)
. dim{Killing fields on n-sphere} =n(n+1)/2 so(n+1) vV
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Proof of Saint-Venant (and more!)

de Rham complex coupled with prolongation connection

E £> NANEFE — N2QF — NQF —>--

Al Al @ Al A2 @ Al A @ Al
O 7 P >3 ® U P
A2 Al @ /N2 A2 ® /\? A3 ® /\?

Diagram chasing ~~

Calabi operator

Al £> @2/\1

C
hap — VaVe) hbd — Vi Ve) had — v(aval)hbc + V(5 Va) hac
- Rabe[chd]e — Rcde[ahb]e
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Locally symmetric spaces

Locally symmetric < V,Rp.q0 = 0

Example: Fubini-Study metric on complex projective space

F. Costanza, ME, T. Leistner, B. McMillan, arXiv:2112.00841
A Calabi operator for Riemannian locally symmetric spaces

/\1 IC - [ []
VyRpede = 0 = dl Cl commutes
A2 R

ted V> 2Rap[eptd)e T 2Red[alble

a complex of linear K L = [/R(A2)

differential operators
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Integrability conditions

Theorem (CELM) On an irreducible Riemannian locally

. K c .
symmetric space, the complex o — o — 7 Is locally exact

Example the round (unit) n-sphere: due to Calabi 1961

R : A? - 7 vanishes, =1, and L =C is given by

hap — v(avc)hbal ~ V@ Vo) had — V(aVa) hpe + v(bval)hac
+Jachod  ~Gbchad  ~ Gadlbe  + Godhac

Example the Fubini-Study metric on CP,,: Kahler form J,;

Rabed = Gac9bd — GbcYad + JacIvd — Joedad + 2JqpJed
cf. sphere new bits
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Complex projective space contd

What about R : A2 - ?

splits into ten irreducible pieces (Tricerri-Vanhecke 1981)

= . ® /A? —three pieces

_/ R
seven pieces 1,1
P N =Ny @C
t 1
two pieces one piece
Therefore (CELM) killed by R Injected by R
a5 oL 1] - [ C is locally exact r E for CIPs
. E-Goldschmidt
In fact, 0> o —> , Is globally exact /

*E-Slovak
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Other (pseudo-)Riemannian metrics

Products of irreducible Riemannian locally symmetric spaces?
K [ .
CELM: o— o — ] Is locally exact | unless| thereis

e at least one flat factor and

e at least one Hermitian factor
Examples

S?xS?°0 S'xS30O0 CPyxCP-0 S'xS?0

Warped products
Example Schwarzschild solution (Khavkine 2019)

Kerr solution
(Aksteiner, Andersson, Backdahl, Khavkine, Whiting 2021)
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THE END
THANK YOU
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