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The Killing operator

● Riemannian manifold M with metric gab

● Xa a (locally defined) vector field on M

Xb z→ 1
2
LXgab

Lie derivative
❄

= 1
2
(∇aXb +∇bXa)

Levi-Civita connection
❄ ❄

≡ ∇(aXb)

✻
Killing = KEuclidean three-space

Xb z→ ∂aXb = ∂(aXb) + ∂[aXb] symmetric + skew

Killing curl

{functions} gradÐÐ→{ vector
fields

} curlÐÐ→{ vector
fields

} divÐÐ→{functions}
↝↝↝ de Rham complex
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The Saint-Venant operator

curl (on R3) Xa z→ ǫa
bc∂bXc where ǫabc = volume form

curlcurl (on R3) hab z→ ǫa
ceǫb

df∂c∂dhef

Theorem (Saint-Venant 1864)

{ vector
fields

} KillingÐÐÐÐ→{ symmetric
tensors

} curlcurlÐÐÐÐ→ { symmetric
tensors

}
div ↓

{ vector
fields

}is locally exact

In particular, locally

hab = ∂(aXb) ⇔ ∂a∂chbd − ∂b∂chad − ∂a∂dhbc + ∂b∂dhac = 0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
‘integrability conditions’ Proof?
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Killing fields in flat space

∂(aXb) = 0 ⇔ ∂aXb = µab skew
∂aµbc = 0 optional extra

µbc = ∂bXc⇒ µbc = ∂[bXc]⇒ ∂[aµbc] = 0

⇔ ∂aµbc = ∂cµba − ∂bµca = ∂c∂bXa − ∂b∂cXa = 0 ✓

Prolongation connection

∧1

⊕
∧2
∋ [ Xb

µbc

]z→ [ ∂aXb − µab

∂aµbc

] Flat

∴ dim{Killing fields on Rn} = n(n + 1)
2

translations: n

rotations: n(n − 1)/2
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Killing fields in curved space

∇(aXb) = 0 ⇔ ∇aXb = µab skew
∇aµbc = Rbc

d
aXd optional extra

Prolongation connection

∧1⊕
∧2
∋ [ Xb

µbc

] Da

z→ [ ∇aXb − µab∇aµbc −Rbc
d
aXd

]
Curvature

D[aDb] [ Xc

µcd

] = [ 0

Rab
e
[cµd]e +Rcd

e
[aµb]e − 1

2
(∇eRabcd)Xe

]
Flat ⇔ Rabcd = constant × (gacgbd − gbcgad)
∴ dim{Killing fields on n-sphere} = n(n + 1)/2 so(n + 1)✓
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Proof of Saint-Venant (and more!)

de Rham complex coupled with prolongation connection

E

∥

∧1

⊕
∧2

D
Ð→ ∧1 ⊗E

∥

∧1 ⊗∧1

⊕
∧1 ⊗∧2

Ð→ ∧2 ⊗E

∥

∧2 ⊗∧1

⊕
∧2 ⊗∧2

Ð→ ∧3 ⊗E

∥

∧3 ⊗∧1

⊕
∧3 ⊗∧2

Ð→ ⋯

↣ ≅ ↠
Diagram chasing ↝
∧1 KÐ→ ⊙2

∧1

hab
Cz→ ∇(a∇c)hbd −∇(b∇c)had −∇(a∇d)hbc +∇(b∇d)hac−Rab

e
[chd]e −Rcd

e
[ahb]e

Calabi operator
✘✘✘✘✘✘✘✾
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Locally symmetric spaces

Locally symmetric⇔ ∇aRbcde = 0

Example: Fubini-Study metric on complex projective space

F. Costanza, ME, T. Leistner, B. McMillan, arXiv:2112.00841
A Calabi operator for Riemannian locally symmetric spaces

∧1

❄

✲K
C

❄
✲

∧2

d R
µcd z→ 2Rab

e
[cµd]e + 2Rcd

e
[aµb]e

∇aRbcde = 0⇒ commutes

a complex of linear
differential operators

KÐ→ LÐ→ ≡ /R(∧2)
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Integrability conditions

Theorem (CELM) On an irreducible Riemannian locally

symmetric space, the complex
KÐ→ LÐ→ is locally exact

Example the round (unit) n-sphere: due to Calabi 1961

R ∶ ∧2 → vanishes, = , and L = C is given by

hab ↦ ∇(a∇c)hbd+ gachbd

−∇(b∇c)had− gbchad

−∇(a∇d)hbc− gadhbc

+∇(b∇d)hac+ gbdhac

Example the Fubini-Study metric on CPn: Kähler form Jab

Rabcd = gacgbd − gbcgad
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

+JacJbd − JbcJad + 2JabJcd
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

cf. sphere new bits

Virtual East-West Several Complex Variables Seminar – p. 8/11



Complex projective space cont’d

What about R ∶ ∧2 → ?

splits into ten irreducible pieces (Tricerri-Vanhecke 1981)

= ⊥

seven pieces
�✒

three pieces✛⊕ ∧2

R↑
∧2 = ∧

1,1
R
⊕C

two pieces
killed by R

✻

one piece
injected by R
✻

Therefore (CELM)
KÐ→ LÐ→ = /C is locally exact

In fact,
KÐ→ Ð→ ⊥ is globally exact

{E for CP2

E-Goldschmidt
E-Slovák

�
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Other (pseudo-)Riemannian metrics

Products of irreducible Riemannian locally symmetric spaces?

CELM:
KÐ→ LÐ→ is locally exact unless there is

● at least one flat factor and

● at least one Hermitian factor

Examples

S2 × S2 ✔ S1 × S3 ✔ CP1 ×CP5 ✔ S1 × S2 ✘

Warped products
Example Schwarzschild solution (Khavkine 2019)

Kerr solution
(Aksteiner, Andersson, Bäckdahl, Khavkine, Whiting 2021)

Virtual East-West Several Complex Variables Seminar – p. 10/11



THE END

THANK YOU
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